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Abstract. We construct an infinite particle/infinite volume Langevin dynamics on the 
space of configurations in R'' having velocities as marks. The construction is done via a 
limiting procedure using A'^-particle dynamics in cubes (—A, A]'' with periodic boundary 
conditions. A main step to this result is to derive an (improved) Ruelle bound for the 
canonical correlation functions of A'^-particle systems in ( — A, A]'' with periodic boundary 
conditions. After proving tightness of the laws of finite particle dynamics, the identifi- 
cation of accumulation points as martingale solutions of the Langevin equation is based 
on a general study of properties of measures on configuration space (and their weak 
limit) fulfilling a uniform Ruelle bound. Additionally, we prove that the initial/invariant 
distribution of the constructed dynamics is a tempered grand canonical Gibbs measure. 
All proofs work for general repulsive interaction potentials (p of Ruelle type (e.g. the 
Lennard- Jones potential) and all temperatures, densities and dimensions d > 1. 



1. Introduction 
The infinite particle Langevin equation 

(1.1) dxi = v\dt 

M = ^dw\- Kvidt-^V^{x\-xl)dt 

where k > 0, /? > 0, describes the motion of particles at positions x\ G M"' having ve- 
locities v\ G M"^, i E N, t S [0, oo). This motion is influenced by a surrounding medium 
causing friction (corresponding to the second summand in the second line of (jl.ip ) and 
stochastic perturbation, modelled by a sequence of independent M'^-valued Brownian mo- 
tions (i(;J)t>o. Moreover, the particles interact via a symmetric pair potential (/>. 

For investigating the equilibrium fluctuations of infinite systems of interacting particles 
the first main step is the construction of equilibrium (martingale) solutions for the corre- 
sponding model (cf. |OT03| ). In |Fri79] . strong solutions are constructed to ()l.ip in the 
case d = 2 for a wide class of symmetric pair potentials </> and initial configurations. In 
particular, the construction given there allows a singularity of (p in the origin and assumes 
4) to be C^{W^ \ {0}) with derivatives fulfilhng some local Lipschitz continuity (we do not 
give all the details on the conditions). Another construction for arbitrary d, but with 
more restrictions on the potential can be found in |OT03j . The potentials treated there 
are assumed to be positive, of finite range and C^, which, in particular, does not allow 
any singularities. There are also constructions of deterministic dynamics for infinitely 
many particles (k = 0), see e.g. |MPP75j . [SS85], |BPY99j . some of which work in more 
general situations. However, note that for the above mentioned purpose of considering a 
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scaling limit the stochastic dynamics is preferable, since one expects it to exhibit a better 
long-time behaviour. (See e.g. [Spo86| for the correspondence between ergodic properties 
and the Boltzmann-Gibbs principle, which is crucial for the derivation of hydrodynamic 
limits as in |Spo86| , [OT03].) 

Up to now there are no results on the construction of equilibrium Langevin dynamics cov- 
ering physically realistic situations, such as e.g. the Lennard-Jones potential in dimension 
d = 3. Moreover, generalizations to the case of non-continuous forces V(/> have never been 
considered and are impossible when using the method from |Fri79j . |OT03j . 

Therefore, in this article we present a completely different approach to construct for a wide 
class of potentials a martingale solution to (jl.ip in the sense of {GKR07| . having a grand 
canonical Gibbs measure as initial distribution. The general method is the one used there 
for the construction of stochastic gradient dynamics. As assumptions on the potential we 
only need weak differentiability in M'^yjO}, boundedness of the weak derivatives away from 
and some quite weak assumption on integr ability of the weak derivatives. As mentioned 
above, we consider this as the basis and first important step towards investigating the 
hydrodynamic behaviour of infinite particle systems in most general physically realistic 
situations. 

Before describing the construction, we make the expression "martingale solution" more 
precise. To do so, we have to introduce some notation. Let us consider the space 

(1.2) = {7 C M'^ X M'^|pr,(7) G T} 

of locally finite simple velocity marked configurations in M'^, where F = {7 G M'^|jJ(7 n 
A) < CO for all A C M'^ compact} and pr^ denotes the projection to the first d coordinates, 
i.e. pr2,(7) = {x G M.'^\{x,v) G 7}, 7 C M'^ x M.'^. denotes the cardinality of a set A. 
By !FC^{T>s,T'") we denote the space of smooth cylinder functions on of the form 
-^(•) = 5f((/i, •),••• , {Ik, •)), where K £N, gp € C^(M^) (which means gr is infinitely 
often differentiable and all derivatives are bounded) and fi G Vs := C^si^'^ x ^'^)- Here 
some notation is to be clarified: We define C^^(M'^ x M'^) to be the space of functions 
with spatially bounded support, i.e. the subset of C^(M'^ xM*^) of functions having support 
in A X M'^ for some compact A C M*^. Moreover, one defines (/, 7) := t,)g-y /(^c, u) for 
/ having spatially bounded support (or also for more general /, e.g. / > 0) and 7 G F^. 
Now observe that any A^-particle solution {xl,vl)t>o,i<i<N of (jl.ip solves the martingale 
problem for the generator L^, defined by 

L^fix, v) := i^-A^^f{x, v) - Kv'V^^f{x, v) + v'V^^f{x, v)j 

N 

+ V4>{x'-x^){V,.f{x,v) - V,J{x,v)), 

where / : M.^'^ x R^'^ — > M is sufficiently regular and (x, v) = (x^, • • • , x^, v^, - ■ ■ , v^) G 
^Nd ^ ^Nd_ Defining sym^ : M^-^ x M^'^ ^ F^ by symj^{x,v) = {(x^,-;;^), • • • , (x^,t;^)} 
and ignoring the non-well-definedness on the diagonal, we may map the dynamics to F''. 
We then find that the law of the resulting F*'-valued process solves the martingale problem 
for (L,J^C7^°°(P„F^)), defined by 

K 

(1.3) LF(7) := ^did,gF{mli,l)mvmVJ,),j) 

l,l'=l ^ 
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^ V^{x-x'){VJi{x,v)-V,Mx',v'))] 

{{x,v),{x' ,v')}C^ ' 

where F is as above, 7 G and {{U}f=\, •> := ((/i, •,),•• • , (/i^, •))• 

We therefore call any (possible infinite particle) F^-valued process solving the martingale 
problem for L on JP"C^(Ps, F^) a martingale solution of (II. ip (on configuration space). 

Due to the degeneracy in the position coordinates of the generator L as given above, there is 
no hope to apply the theory of symmetric or sectorial Dirichlet forms to obtain an existence 
result (as is done in the case of the stochastic gradient dynamics in |Osa96j . |Yos96] . 
|AKR98j ) ■ In finite dimensions, i.e. in the case of finite particle Langevin dynamics, one 
can easily verify that the corresponding generator is non-sector ial. One might think of 
using the theory of generalized Dirichlet forms (cf. |Sta99j ) instead in order to construct 
the dynamics directly on configuration space (or the space of multiple configurations). 
But to do so, one needs to find a domain of essential m-dissipativity of L in 1?{Y'" 
for a suitable measure \i. Even in finite dimension this is in general at least a non-trivial 
problem (but see |CG08bj for the case of finite particle dynamics corresponding to 
potentials). 

As starting point for the construction of the infinite particle dynamics we use finite volume 
A'^-particle Langevin dynamics constructed in |CG08aj . We approximate M'^ by cubes 
= (— An,An]'^, n e N, where j 00 as n ^ 00, and choose a sequence {Nn)n&\ of 
natural numbers such that lim„_^oo /J\"\d = p < 00. 

In order to prove tightness of the sequence of the dynamics of Nn particles in Aa„ , n G N, 
we establish a (uniform improved) Ruelle bound for the correlation functions of their 
invariant initial distributions, the finite volume canonical Gibbs measures with periodic 
boundary condition. In |Rue70j one finds the (original) proof for such a bound, which 
works at least (cf. the proof of |Rue70t Corollary 5.3]) for empty boundary condition, but 
only in the grand canonical setting. In [GKROTj a Ruelle bound for canonical correlation 
functions with empty boundary condition is shown by an adaption of Ruelles proof using 
an estimate for the partition functions from |DM67j . In the situation of the dynamics in 
|CG08aj the boundary of (— A„, A„] is assumed to be periodic, such that effectively one has 
to consider the canonical correlation functions with periodic boundary condition. Though 
these functions may be written down similar to the empty boundary case using summations 
<P\„ (cf. ()3.5p below) of the potential, these sums are not lower regular uniformly in n. But 
this would be necessary to apply the proof from [GKROTj (essentially) directly. However, 
this problem is solved by another modification of this proof (basically by adding a third 
case to the case differentiation of Ruelles proof, cf. Remark 13.141 below) , allowing us to use 
(uniformly lower regular) cutoffs of the (/>a„. 

Having shown tightness of the approximating laws and therefore the existence of weak 
accumulation points, we next need to prove that these accumulation points solve (jl.ip in 
the sense of the martingale problem (as explained above). The main problem here is to 
approximate LF as in (|1.3p uniformly on the side of the approximations as well as on the 
side of the limit by bounded continuous random variables. We prove that this is indeed 
possible, when the approximating measures fulfill uniformly a Ruelle bound. Section 13.41 
contains results on such approximations which we consider to be useful in general when 
dealing with limits of stochastic dynamics on configuration space. Though using some of 
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the arguments from the proofs contained in |GKR07j these results can be used to generahze 
the construction of stochastic gradient dynamics given there to the case of potentials which 
are only weakly differentiable in \ {0} instead of C^(M'^ \ {0}). For details, see Remark 
EH] below. 

In |GKR07j . under an additional assumption, also convergence of the corresponding 
semigroups is shown with the help of Mosco convergence of the associated Dirichlet forms. 
This yields convergence of the semigroups and hence the Markov property as well as 
convergence of the sequence of approximating laws. In our situation, we do not have 
symmetric Dirichlet forms corresponding to the approximating processes (which are not 
reversible). However, one may apply results from [TolOG] to obtain convergence of the 
semigroups in this situation. In the present situation this approach depends again heavily 
on finding a suitable domain of essential m-dissipativity for the limiting operator. In this 
article we refrain from further pursuing this question. 

Finally, by using a method from |Geo95| . where equivalence of the micro canonical and the 
grand canonical ensemble are shown in the periodic boundary situation, we transport this 
result to the case of the canonical ensemble. This shows that the invariant measure of the 
dynamics constructed in this paper is a grand canonical Gibbs measure. The considerations 
in |Geo95j work for any temperature/activity and therefore this result is not limited to 
the high temperature/low activity regime. The corresponding result in [GKR07| Section 
6] is restricted to this regime. This may be considered to be an advantage of starting with 
a periodic setting. 

Let us briefly summarize the core results of this paper: 

• Derivation of an (improved) Ruelle bound for finite volume canonical correlation 
functions with periodic boundary condition. This bound holds for sufficiently 
large volume and is uniform for bounded particle densities. (Theorem l3.15l Corol- 
laryEIZl) 

• Tightness of the laws P*-"-* of A^^-particle Langevin dynamics in cubes (— A^, Xn]'^ 
with periodic boundary condition for a wide class of symmetric pair potentials 
which are weakly differentiable in R"^ \ {0}. Here we assume that T oo and 
(^2^"^d converges to some p e [0, oo) as as n — > oo. (Theorem 14.131 ) 

• Identification of accumulation points P of (p("'))neN as above as martingale solu- 
tions of the Langevin equation on configuration space. (Theorem 14.171 ) 

• Identification of the limit of finite volume canonical Gibbs measures with periodic 
boundary condition (i.e. the initial and invariant distribution of P as above) as 
grand canonical Gibbs measure. (Theorem 15.11 ) (We should mention that the 
hard work was done by Georgii and by Georgii and Zessin in [GZ93j . |Geo94j . 
[Geo95j . where the corresponding result for limits of microcanonical Gibbs mea- 
sures is shown.) 

The above results apply to any dimension d > 1. The Ruelle bound and the result on 
equivalence of ensembles are true for any repulsive, tempered, bounded below potentials 
(see conditions (RP), (T), (BB) in Section 13. ip . The results on the dynamics require 
the weak differentiability condition (WD) formulated in Section [4.11 and additionally, as a 
restriction coming from the approximation with periodic dynamics, one needs to control 
the forces at large distances with condition (IDF). However, this condition may be rather 
seen as a theoretical restriction (cf. Remark I4.1( i). and also Remark 14. If iii)l. 

We begin our considerations by defining a Polish metric on the configuration space F'' 
similar to |KK06j and |GKR07j . 
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2. A Polish metric on V" 

A natural topology for the space V" defined in (II. 2p is the topology r generated by 
the continuous functions with spatially bounded support, i.e. by mappings (/, •) with 
/ G Csbsi^'^ X R'^). In particular, using the (vague topology, i.e. the) topology generated 
by Co{R'^ X R'^) functions instead, a sequence of configurations would be able to converge 
to the empty configuration just by convergence of the marks to infinity. 

In this section we define a Polish metric on which generates r. We use a construction 
similar to the one for unmarked simple configurations given in |KK06j and |GKR07j . 
Below we consider V" as a subset of the set of Radon measures on R'^ x and P as a 
subset of the set M of Radon measures on R (in the sense that a set of points in R"^ X M*^ 
(resp. R'^) is identified with the sum of Dirac measures in these points). The notation (•, •) 
is then extended to the dualization between continuous compactly supported functions 
and Radon measures. 

It is well known that the vague topology on Ai"" is generated by the metric d-M" > defined 

by 

^ ..^ ._ '^n-fc \{fk,fJ') - {fk,l^)\ ,,„cU^ 

where /fc. A; G N, are suitable elements of C^(M'^xM'^) (cf. e.g. (the proof of) |Kal76[ A7.7]). 
Let {gk)km be a sequence in Ci{R^) such that dMif^,'^) ■= ET=i'^~'' ijj^^^^^^^^ 
fi^u S Ai, generates the vague topology on Ai. For any two £ M."" assigning finite 
mass to any A x M'^, A C M'^ compact, we may define 

(2.1) d^,{fi,u) := dM^ifJ-,!^) + dMiP^xf^^P^x'^) 

where pr^// € Ai denotes the image measure of ^ G Ai^ w.r.t. the projection to the first 
d coordinates. We obtain the following lemma. 

Lemma 2.1. The metric d^, : V" x V" ^ [0, oo) generates the topology r. Moreover 
pr^, : (F^,d^) — > (F, d^vf) is continuous. 

Proof. Continuity of pr^ follows from the definition. 

The topology generated by is coarser than r, since (gifc, pr^(-)), (/fc,-), k £ N, are 
continuous w.r.t. r. Conversely, let (7n)n C F^ converge to 7 G F^ w.r.t. and let 
/ G Csbsi^'^ X M'^'). Choose A C M'^ bounded and such that supp(/) C A x M'^ and 
pr^7(9A) = 0. {dA denotes the boundary of a set A C R'^ or R^ x R'^.) By vague 
convergence of 7„ towards 7 and of pr^(7„) towards pr^(7) one obtains 

7(A X A) = lim7„(A X A) and 7(A x M"*) = lim7„(A x M'^) 

n n 

for bounded A C R'^ such that 7(9(A x A)) = 0. By choosing A large enough such that 
7(A X A'^) = one finds that 7n(A x A'^) = for sufficiently large n. Therefore, we find 
that for large n we have (/, 7„) = (/• Iax A, 7n) {f, 7) as n ^ 00. Here and in the sequel 
1a always denotes the indicator function of a set A. (The domain of 1a usually follows 
from the context.) Since (F^,d^) is as a metric space first countable, we have established 
continuity of the identity mapping (T'",d^,) — > (F'',r), and the lemma is shown. □ 

Remark 2.2. Note that the above argument proving that convergence in implies con- 
tinuity of (/, •) is in particular valid for unbounded continuous functions having spatially 
bounded support. 



6 



FLORIAN CONRAD, MARTIN GROTHAUS 



However, is far from being a complete metric on T"". Firstly, consider the sequence 
{^{x,vn))neN of Dirac measures, where Vn oo. Such a sequence is a Cauchy sequence 
w.r.t. di,, but it does not converge. Secondly, nothing prevents positions of particles 
from converging to each other. We use the idea from |KK06] to solve these problems. 
Let {Ik)k€N be a sequence of functions on M'^ such that l{|.|<fc} < Ik ^ l{|.|<fc+i} 
and choose a function h : W'- ^ (0,1] such that h e C^(R'^) n L^W^). Moreover, let 
<1> : (0, co) [0, oo) be a continuous decreasing function such that limt^g ^(t) = oo. Then 
the space F of simple unmarked configurations is a complete (separable) metric space when 
equipped with the metric 

where for nonneg ative / E C^(R'^) and 7 G F we set 

5*'^(7):= Yl e*(l"-^'l)/(x)/(2/) 

and {rk)k>o is any bounded sequence of positive numbers (cf. |KK061 Theorem 3.5]). (The 
topology and the completeness of the metric are, of course, invariant w.r.t. the weights 
{rk)keNj as long as they are positive and bounded.) Moreover, in [KK061 Theorem 3.5], it 
is shown that the metric d^'^ generates the vague topology on F. This construction solves 
the problem of avoiding convergence to multiple configurations. 

It remains to keep mass away from v = 00. Let a : [0, 00) [0,oo) be an increasing 
surjective function and define Xk{x,v) := a{v){hlk){x), x,v ^ M'^. We define for 

d*''^'^7,7') := rfA4-(7,y) +rf^'^pr.(7),pr.(70) +1:^.2-^ '^^'^^ ~ ^^f'^^^' 

with {qk)kGN also being a bounded sequence of positive numbers. We obtain the following 
result. 

Lemma 2.3. d^'"''^ generates the topology r on V" and [T^ , d^'"''^) is complete. 

Proof. Convergence w.r.t. d^'"''^ implies convergence w.r.t. d^, so we have to prove the 
converse. Since convergence w.r.t. dj^ is equivalent to convergence w.r.t. d^'^, for the 
first assertion it remains to check that {xk, ■) is continuous w.r.t. d^, for each k £N. This 
follows from Remark 12.21 

To prove completeness, let {'jn)n C F^ be a Cauchy sequence w.r.t. d*'"''*. Then we already 
know by completeness of (A4^, d^vj") and {T,d^'^) that there exists 7 G Ai"" and 7 S F 
such that 7n — > 7 and pra,(7„) — > 7 vaguely as n — > 00. We have to prove that 7 G F'' and 
pi's; (7) = 7; so 7n ^ 7 W.r.t. d^,, hence w.r.t. d*'"''*. 

Since the No-valued measures in Ai'" form a closed subset w.r.t. vague convergence (cf. 
[Kal761 A7.4]), we know that 7 is Nq- valued and thus it is a sum of Dirac measures 
(cf. |Kal761 Lemma 2.1]). Here and below we set Nq := NU {0}. Being a Cauchy sequence 
implies being a bounded sequence, so for each A; € N we have that {{xk,ln))n is a bounded 
sequence. This implies that there exists a compact set C M'^ such that for all n G N it 
holds 7n([— fc, X A|) = 7([— /c, k^ x A^) = and we can also assume that 7([— A;, k]'^ x 
(9Afe) = 0. Let A C M'^ be any open relatively compact set such that 7(5(A x M"^)) = 0. 
Then there exists A; G N such that Ac [—k,k]'^ and thus for large n 

7(A X M'^) = 7(A X Afc) = 7„(A x A^) = 7„(A x R^) = 7(A). 
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Using a base of the topology of M'^ consisting of sets A as above, one concludes that 7 E 
and pTj;j = 7. □ 



Finally, we define some compact functions on V" , i.e. functions having compact sublevel 
sets. On r, such functions are e.g. given by S'*''^, defined as in (12. 2p for every 7 G F 
for which the sum converges (cf. |KK06t p. 782]). (Note that h does not have compact 
support.) We define (with a, h as above) for 7 G F'' 

5*''^''(7) := 5*''(pr.(7)) + ^ «WM^)- 

(x,d)G7 

Lemma 2.4. The sets Mk ■= {7 G F''|S'*'"'''(7) < K}, K G M, are compact. 

Proof. 5'*'"''* is the sum of two increasing limits of continuous functions: continuity of 
g^,hlk gj^own in |KK061 Lemma 3.4] and continuity of {xk^ ") follows from Remark 12.21 
So S^'""'^ is lower semicontinuous, which implies that the Mk are closed. 

Let (7n)n C Mk- Then by compactness of {S^'^ < K} in F the sequence (pr2,7,i)„ has a 
convergent subsequence. We denote its limit by 7 and we assume that (pr^7„)n is already 
this subsequence. Let A C M'^ be compact. We know that by definition of Mk and 5*'"''^ 
it holds 7„ n (A X A) = 7„ n (A X W^) for some compact A C M*^ and for all n. Moreover, 
assuming that 7(9A) = 0, for large n it holds 7n(A x M'^) = 7(A) < 00. But these two 
properties of the 7„, already imply relative compactness of (7^ n (A x M'^))„gN w.r.t. vague 
topology in A X M.'^. Using a diagonal argument and a sequence (Afc)^^^ of compact sets 
such that Ufe^fc ~ ^^'^ lidAk) = for all A; G N, we find that (7n)n is relatively 
compact in M"" w.r.t. vague topology. So as in the proof of Lemma 12.31 we can show that 
any accumulation point 7 fulfills 7 G F" and pT^{'y) = 7, which proves the lemma. □ 

In fact, since in many of the considerations below the velocities do not play an interesting 
role, we can often restrict to the unmarked configurations. Therefore, the functions 5*'"''^ 
are only included for completeness as well as Lemma 12.41 above. 

3. RUELLE BOUND IN THE FINITE VOLUME CANONICAL CASE WITH PERIODIC 

BOUNDARY CONDITION 

In this Section we derive the Ruelle bound for correlation functions corresponding to 
finite volume canonical Gibbs measures with periodic boundary condition. We first state 
and discuss conditions on the potential which are similar to those in |GKR07[ Section 3] 
in Section 13.11 and investigate properties of the periodic sum of the potential in Section 
13.21 In particular, we prove that the important superstability property holds uniformly 
for these sums as well as temperedness and lower regularity in a sense sufficient for our 
purposes. We then go on with the proof of the Ruelle bound in the periodic case in 
Section 13.31 Finally, in Section 13.41 we show that a uniform Ruelle bound extends to weak 
limits of measures, and prove some approximation results which we need for the proof 
of Theorem 14.171 below. Though all considerations are stated for the configurational case 
(not including velocities) they also extend to the case of "full" measures (with independent 
Gaussian distributed velocities). For details on this fact, see also Section [331 

3.1. Conditions on the potential. Throughout Section [3] we assume that the (sym- 
metric) pair potential </> : M'^ ^ MU {00} is measurable and fulfills the assumptions (BB), 
(i?P), (T) which are given below. By | • | we denote the maximum norm in M^, A; G N, 
i-e. |(yi,- • • ,yk)\ ■= maxi<i<fc \yi\, (yi,- • • ,yk) G R''. 

(BB) {bounded below) There exists M < 00 such that 4>{x) > —M for all x G M*^. 
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(RP) {repulsion) There exist i2i > and a decreasing continuous function $ : (0, oo) — > 
[0, oo) with hmt^o = oo such that 

(p{x) > $(|x|) for \x\ < Ri. 

Furthermore, (f> is bounded from above on {x G M'^jr < |x| < oo} for all r > 0. 
(T) (temperedness) There exist G,R2 < oo and e > such that 

\(/){x)\ < Glxr'^"" for |x| > i?2 

Note that the second condition in (RP) implies that we may (and therefore we will) set 
Ri = R2 =. R. Moreover, R may be chosen arbitrarily small (changing, of course, the 
other constants). 

For later use in Section H] we need more regularity of the function so we prove the 
following lemma. 

Lemma 3.1. Let <1> : (0, 00) [0, 00) he continuous, decreasing and such that ^{t)t'^ 00 
as t ^ 0. Then there exists <l : (0, 00) [0, 00) such that 4> < 4>(t)t'^ ^00 as t ^ 
and such that moreover i is continuously dijjerentiable and e~°'^^' is bounded for any 
a > 0. 

Proof. Choose si G (0, 1] such that ^>(s) > s"'^ for all s G (0,si]. When s^ is chosen for 
some A; G N, we choose s^+i < Sk A such that <I>(s) > {k + l)s~'^ for all s G (0, Sfc+i]- 
We define a function $1 in the following way: 

$i(s) := for s G [si, 00) 

and 

$1(5) := 6i(sfc) + k{s-'^ - s-'^) for s G [sk+i, s^]. 
$1 is decreasing and continuous. By induction one shows that $1(5^) < ks'^'^ for all A; G N 
and therefore $i(s) < ks~'^ for all s G [sk+i,Sk], A: G N. Therefore ^1 < <1>. Another 
induction shows that for any A; G N we have l>i(s) > ks~'^ — ks'^'^ for all s < Sk and 
one concludes that $i(s)s'^ ^ 00 as s — > 0. Computing the derivative of $1 in the sets 
(sfe+i,Sfc), we find that 

> ii(s) = -dks^'^^^ > -ds^'^^'^ whenever s G {sk+i,Sk), 
since k < for all A; G N. So the absolute value of <&'i grows polynomially with s~^. 

Therefore <l>i fulfills all assertions with the exception that it is not differentiable at the 
points Sfc, A: G N. 

Similarly to $1 we define the function $2 < ^1 using the sequence {s'j^)keN, defined by 
s'f^ := Sk+i instead of (sfc)fc. Then $2 has the same properties as and the derivatives are 
such that there exists a continuous function 9 : (0, 00) —>■ (— oo,0] such that s'^^^4>'^(s) < 
9{s) < s'^^^^2{s) on (0,00) \ {sk\k G N}. Integrating we obtain a function defined by 
|)(s) := J^^ e{t)t-'^-^ dt, s G (0, 00), fulfilling the assertions. □ 

Let A C M'^. By Fa we denote the set of locally finite simple configurations in A (i.e. lo- 
cally finite subsets). In the sequel we will often denote finite or periodic configurations by 
Z (or similar notations) instead of 7, such that the notation looks a bit more similar to 
the one in [GKROTj Section 3] , |Rue70j . For a finite configuration Z G Fjgd = F we define 
the configurational energy 

(3.1) U4Z):= (t>{x-y) 

{x,y}cZ 
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and for Z', Z" G Fjgd being disjoint finite configurations we define the interaction energy 
W^{Z', Z") := U^{Z' U Z") - U^Z') - U^{Z") = ^ 4>{x-y). 

x£Z',yeZ" 

It is well known (cf. [RueTOl Proposition 1.4]) that the assumptions (RP), (T) and (BB) 
imply 

(SS) (superstability) There exist ^ > 0, 5 > such that, if Z is a finite configuration 
in M"^, then 

U^Z) > ^ ^ n Qi(r))2 - B^Z. 

(LR) (lower regularity) There exists a decreasing mapping ^ : No ^ [0,cxd) such that 
SrGZ'^ ^'(|r|) < oo and for disjoint finite configurations Z, Z' it holds 

(3.2) W4z,z')>- *(k-r'|)tt(znQi(r))tt(z'ngi(r)), 

where Qi{r) := ■■■ ,Xd) £ M'^jri - ^ < < + i| for r = (ri, ■■■ ,rd) £ Z^. 

In the case of pair interactions corresponding to a symmetric potential which is bounded 
from below (i.e. the case we consider here), (LR) as given above is equivalent to (LR) as 
given in |Rue70j and also to (LR) with (|3.2p replaced by W^{{x},{y}) > —"^{\r — r'\) for 
all X £ Qi{r),y G Qi{r'), r,r' gZ"^, y. 

3.2. Potentials fulfilling (RP), (T), (BB) in periodic domains. For A > we define 
A;sj := (— A,A]'^. If Z G La^^, we define Z G T^d to be the configuration resulting from 
2A-periodic continuation of Z to W^. A configuration Z G rA;^ is said to have distances 
< A, if it holds {((xi, • • • , Xd), (yi, • " " > yd)) £ Z x Z\xi — yi = X for some 1 < i < d} = ^. 
Note that when we consider to have a periodic boundary, A is the maximal possible 
distance between two particles in A^. Usually (in the sense of canonical Gibbs measures 
in continuous systems) a configuration has distances < A. 

In the case of periodic boundary condition we have to deal with the configurational energy 
of a finite configuration Z G rA;^ with periodic boundary condition, which we define by 

(3.3) U^AZ):= Yl 5Z + 

{x,y}cZ reZd- 

Remark 3.2. Note that in this definition the interaction between one particle and its 
copies is ignored. This does not have consequences for the results derived below. In fact, 
the corresponding canonical Gibbs measures and their correlation functions are exactly 
the same as if these interactions were included. 

Temperedness of the potential (j) ensures that the above definition makes sense as well 
as the following. We define for A > 0, y G M'^ 

My) ■■= i(-A,A)<^(y) Yl '^(y + 2Ar). 

We use (px in order to express U(f,^x in terms of a finite configuration (cf. Lemma [3.31 below) . 
Possibly one would at first sight prefer to use the indicator function 1(_2A.2A) instead of 
1(-A,A) to simplify this, but see Remark 13.51 below. 

Lemma 3.3. There is a set S C A2A \ A;^, such that for Z G having distances < X it 
holds ^ ^ 

u^,x{z) = w^^ {z, zns) + u^^ {z) 
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Remark 3.4. In order to avoid lenghty descriptions of shape of the set S, the assertion 
of Lemma 13.31 looks more mysterious than necessary (see the proof below). 

Proof. First note that by assumption for any x,y £ Z the statement x — y € Aa is 
equivalent to |x — y| < A, which is symmetric in x, y. It holds 

(3.4) U^,x{Z)= Yl 5^ ¥^(2; - y + 2Ar) 

= U^,{Z)+ j;0(x-y + 2Ar) 

{x,y}<ZZ rGZ<^ 

We consider the set M := {{— r, r}|r G Z'^, |r| = 1} and choose an arbitrary mapping 
X : M — > {r G 'L'^\\r\ = 1} such that x({~'')^}) ^ {~^;^} for any r G Z*^, |r| = 1, 
i.e. X selects only one representant of each antipodal pair {— r, r} from M. We define 

'5:=UrGx(M)(^A + 2Ar)nA2A. 

Define Xi := {{x, y} d Z\\x — y\ > A} and X2 '■= {{x, y)\x £ Z,y £ Z H S,\x — y\ < A}. 
We define : Xi ^ X2 vn. the following way. For {x, y} G Xi there exists (uniquely) an 
£ x(M) such that y — x £ h\ — 2Ar|^ (w.l.o.g., possibly after interchanging x 
and y). Then we set ^({x,y}) := (x,y + 2Ar|^ j^}), which is in X2. Then 6* is a bijection 
fulfilling Y.r&'i (t>{x-y + 2Ar) = (/>a(x' - y') for any e{{x, y}) = (x', y'), {x, y} G ^"1. This 
and (13. 4p imply the assertion. □ 

Remark 3.5. U(f,\{Z), Z £ can be easier expressed in terms of (px, which we define 

by 

(3.5) 4>x{y) ■■= li-2X,2xr (y) Y -^(^ + 2Ar) 

but below we prove properties of 4>x which cannot be obtained for (j)x- In particular, the 
latter potentials are not uniformly lower regular (or tempered). 

Let us now focus on properties of A > 0, and the total energy U^^x with periodic 
boundary condition. We first observe that (px fulfill uniformly in A > Aq > the conditions 
we imposed on (p. 

Lemma 3.6. Let Aq > 0. There exist R, M , G in and a decreasing continuous 
function <I> : (0, 00) [0, 00) fulfilling lim^^o ^{s)s'^ = 00 (which, as is possible by Lemma 

\3.1\ shall be continuously differentiable and such that e~"*<I>' is bounded for any a > 0), 
such that 

(i) For all \> Xq it holds (l)x>-M. 

(ii) For all \> Xq it holds 

\(pxix)\ < G\x\~'^~'^ whenever \x\ > R. 
(Hi) For all \> Xq it holds 

4>x{x) > ^(|a^|) whenever \x\ < R. 
(iv) For all c> it holds 

sup sup I (/'A (a;) I < 00 

A>Ao |a:|>c 
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Proof. We may w.l.o.g. assume that in (RP), (T) it holds Ri = R2 =■ R < Xq- Temporarily 
we choose R := R. 

For y £ (-A, A)"^ and r {0} it holds \y + 2Ar| > 2A - |y| > A > i?, so 

•/-Aly) = 5^ -/-(y + 2Ar) > -M - G Yl l2/ + 2Ar|-^-^ 

>-M-G J2 (|2Ar| - > -M-G l^^l""^"" 

>-M-GAo'^"" ^ Ir]-'^-^ 

reZ<*\{0} 

and the r.h.s. is a constant larger than —00, which proves (i). 
The same argument shows that for y E (—A, A)'^, A > Aq, it holds 

(3.6) |<^,(y)_0(y)| <GA-^-- Yl kl"'"' < GAo E 1^1^""'- 
This proves (iv). 

To show (ii), we define Gi := G (^1 + J2rGZ<'\{o} \r\~^~^^ ■ Let A G (Ao,oo) and x G M'^, 

|x| > i?. If \x\ > A, then (j)\{x) = and there is nothing to prove. Therefore, let |x| < A. 
It holds \x + 2Xr\ > |Ar| > X > \x\ > R for all r {0}. Hence 

|</'a(x)| < E |(/'(x + 2Ar)| <G|xr'^-^ + G ^ jAr]-'^-^ < Gilxj-'^-" 
proving (ii). 

Finally, (f3^ imphes (iii) with $ := $ - GAg^'^"^ Z]rez<*\{o} kT'^"^- Since this function $ 
might become negative away from 0, we may have to choose R a bit smaller. By (iv) we 
see that then (ii) still holds with Gi replaced by some possibly larger constant G. □ 

In Lemma 13.91 below the above result is used to prove that the are superstable and 
lower regular uniformly in A > Aq and that moreover also the energy functions U(j,^x of 
configurations in Ax with periodic boundary are uniformly superstable. For obtaining the 
latter result we first need two simple technical lemmas. 

For 5 > and r e Z'^ we set Qs{r) := {(^i,--- ,Xd) S M'^|J(r/ - ^) < xi < 6{ri + 
i) for ahl < / < 4 and we define Qs := {Q5ir)\r £ Z'^}. 



Lemma 3.7. Let 61,62 > such that 62 > 61 > 62/2. Then for all finite configurations 
Z £ Trnd it holds 



QeQs-^ Q'eQs^ Q^^Qs^ 



Proof This follows from the facts that for any Q G Qs^ it holds ^{Q' € Q^JQnQ' / 0} < 
2"^ and for any Q' G Qg^ it holds ^{Q G Q^i |Q n Q' / 0} < 3^^. □ 

Lemma 3.8. Let Xq > 0. There exists a constant c\q such that for all X > Xq, Z £ ^Axj 
k it holds 

{2k + Ifc-^l Y ^ ^1 W)' ^ E ^(^^ ^ ^i(^))' ^ + l)'^CAo Y ^ ^i(^))' 
where Zj, := Urez<« \r\<k(^ + 2Ar). 
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Proof. We have {2k + l)'^^^.^^4Z nQ2x{r)f = Erez4ZknQ2x{r)f and the same holds 
when 2A is replaced by some 6 £ [min{2Ao, 1/3}, 1] such that 2A is an odd multiple of S. 
So by repeated application of Lemma 13.71 we obtain the assertion. □ 

Lemma 3.9. Let Xq > 0. It holds 

(i) There exists a decreasing mapping ^ : Nq ^ [0, cxd) fulfilling X^reZ'' ^d'"!) ^ °^ 
such that if Z, Z' are disjoint finite configurations and A > Aq it holds 

W^,{Z,Z')>- ^(|r-r'|)tt(ZnQi(r))tt(Z'nQi(r')). 

(a) There are constants A > 0, B > such that for all A > Aq and all finite configu- 
rations Z , it holds 



U^,{Z) > A ^ tJ(Z n Qi(r))2 - B^Z 



Moreover, after possibly enlarging A, for all A > Aq and Z G having distances 
< X it holds 

U^^xiZ) >Aj2UZn Qi{r)f - mZ 
Proof. We define a potential : M*^ ^ M U {oo} by 

if \x\ < R, 
-G\x\-'^-' ifi?<|3;|. 

with R, G, ^ as in Lemma [3.61 This potential fulfills (RP), (BB) and (T) and is therefore 
superstable and lower regular by [RueTOl Proposition 1.4]. Since (px > (p for all A > Aq 
this already implies (i) and the first assertion in (ii). 

For r £ Ij'^ we set A;^ j. := Ax + 2Xr. Let A; G N be a natural number and define Zj. := 
Urez-',lr\<kiZ + 2Xr).lt holds 

U^,{Zk)= Yl [u^xiZ ri Ax,r) + Yl W^,{ZnAx,r,ZnAx,r+r'Hr,r',k) 

reZ'i,\r\<k \ r'ex(M) 

where x is defined as in the proof of Lemma 13.31 and r]{r, r' ,k) = 1 for |r + r'| < k and 
else. It holds r]{r,r', k) = 1 for |r| < A; — 1, thus by Lemma 13.31 

u^,{Zk)= Y ^<^.^(^) 

rGZ'*,|r|<fc 

+ Yl iu<t>AZ ri Ax^r) + Y W^AZriAx,r,ZnAx,r+r')ri{r,r',k)\ . 

r&<i,\r\=k \ r'ex(M) / 

But for W^^{Zr\A\^j., Zr\ Ax^^j^ j.i)rj{r, r' , k), r' G there are only finitely many possible 

finite values, independently of k, hence there exists C < oo such that 

\U^,x{Zk) - {2k - l)%^x{Z)\ < Ck''-^ 

proving that 

u,Az) = i^^j^^,u,,{z,) 
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By the first assertion in (ii) and by Lemma 13.81 we conclude that 

n 

3.3. Ruelle bound for canonical correlation functions with periodic boundary 
condition. Before going into the proof of the Ruelle bound we note a property of the 
canonical partition functions with periodic boundary stated in Lemma 13.101 below. Its 
proof is a slight adaptation of the proof of [DMG?', Lemma 3'] to the periodic boundary 
case (with external potential equal to 0). Note that the result of the following lemma in 
particular holds for the type of potentials we consider in this section. Its assumptions are 
obviously weaker than (RP), (T), (BB). 

Lemma 3.10. Let (j) : M'^ ^ M U {cxd} be measurable, symmetric, bounded from below and 
such that for any a > it holds Ca '■= J^\x\>a} 1*^(^)1 '^^ ^ define U,f,^\ := U^^, 

where (px := X^^g^d (/){■ + 2Ar) is defined as limit in Ll^^{{—2X, 2A) \ {0}; dx). 
Consider for X > 0, N £ Nq, P > 

which are (N\ times) the canonical partition functions with periodic boundary condition. 

70,1 



Set Z^'^ := 1. Let S C [0, oo) x (0, oo) be any compact subset. There exists a constant 



k<j>,S ^ 1 such that for any N G Nq, A > 0, /3 > fulfilling {^j^^, P 



£ S it holds 



A — foWd X 



{2\Y' 

Proof. Set Pmax := sup{p|3/3 such that (/o, /3) G S} and choose a > small enough such 
that the volume Va = (2a)'^ of a | • |-ball with radius a fulfills 14/Omax < \- Then NVa < 
\{2\Y. Fix Z = (xi, • • • ,xn) G and consider the set := Aa \ {Ba{xi) U • • • U 
^a(xiv)}, where ^^(x) := Urez^ MKiiv S M"' | |y - (x + 2Ar)| < a}, x G Aa. It holds 



< N / \^{x)\ dx = NCa < PraW^XfCa 

Consequently, |^ G Aa Yl^=i'i'x{i — Xi) < 4/9maxCa| has volume of at least vol(A^] 
(2A)_ y {2)^ ^ (Here and in the sequel vol(-) shall denote Lebesgue measure.) Hence 

Z™= f e-^^-^«^i'-'-'-» f e-^^^^^-^^^-^Uidx^---dxN 



A^ 



max 

SO the assertion holds with k^^s = 4e'^^''™='^'-^'' . □ 



Now, fix Aq > 0, > and Pmax > 0. Pmax will be used below as a bound for the particle 
density. We choose sequences {(pj)jeN, (^OjeN and {lj)jeN and numbers P G N, a > as 
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in |Rue70t Section 2] corresponding to A, i? as in Lemma [3?9l For k := fc[o,pmax]x{/3} as 
in Lemma [3. 101 we define 7(/Omax5/3) := -j{B + P~^ln{k)). 

We define Q{j) := [—Ij — 0.5, Ij +0.5]'^, j G N, then Vj is the volume of Q{j) w.r.t. Lebesgue 
measure. 

The following is somehow obvious, but important. 

Lemma 3.11. For any g > there exists Xi{g) > such that for all A > Xi{g) it holds 
(3.7) {2Xfg<^jVj 

for some j € N such that Q{j + 1) C Ax/2- Here c^q is as in Lemma (A 

Proof. For any A > large enough we can fix jx such that Q{jx + 1) $ C Q{jx + 2). 
Then by the definition of Vj , Ij (cf . |Rue70] ) 

V,,{l + 3af'>Vj,+2>X' 

Thus ()3.7p holds as soon as ^pj^ > 2'^{l + 3af'^g. Hence our assertion follows from the fact 
that jx oo and consequently ipj^ ^ oo as A — > oo. □ 

We define A* := max {Aq, Ai (7(/9max) P) caq PmaxS'^) } , where caq is as in Lemma [3181 and 
Ai(-) is as in the above Lemma. As in |Rue70j we write [j] := {r G Z'^||r| < Ij}. 

Lemma 3.12. Let X > A*, and let Z G Fa^^ be such that Z has distances < A and fulfills 
< /Omax(2A)'^. Let Z := Z n {S U Ax), where S is as in Lemma [Oi Then one of the 
following statements is valid: 

(I) For all j > P it holds 

J2KZnQi{r))^ <i;jV,. 

(II) It holds 

PU^,x{Z) > ln{k)^Z. 
(Ill) There exists a largest q > P fulfilling 

Y,UZnQi{r)f>'tPgV, 

re[q] 

and it additionally holds Q[q + 1) C Ax/2- 

Proof. Let us at first consider the situation where XlrGZ'* ^(^ ^ Qii'''))'^ ^ 7(Pmax; 
Using Lemma l3.9f ii) we find that 

pU^,x{Z) > (3 (l7(p^ax,/3)tJ^ - mz) = Hk)^Z, 

i.e. (II) holds. Hence we may assume for the rest of the proof that 

^tl(^nQi(r))2<7(p^,,,/3)tlZ. 

Using Lemma |3.8[ the notations given there and the definition of A* we find that 
tt(^nQi(r))2 < ^ tt(ZinQi(r))2 <7(p^,,,/3)cAo3'^tl^ 

< CAo7(/5max,/3) Pmax 

3'^(2A)'^ < VioV,o 
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for some jo G N fulfilling Q{jo + 1) C Ax/2 by Lemma [3. 11 1 Consequently, for all j > jo it 
holds 

(3.8) J2 ft(^ ^ ^i^'^))' < ^^oV'io < i^jV, 

Now, if (I) is not valid, the existence of a largest q > P such that Ylre[q] tt(-^ ^ Qi(^))^ ^ 
V'gV^ is clear. But from (|3.8p we find that this number q fulfills also the second condition 
in (III). □ 

Let us have another look at the energy in case (III). Set C := ^(1 + 3a)~'^~^ (this is 
the constant C from [RueTOj Proposition 2.5]). 

Lemma 3.13. Let A > A^,. There exists a constant k, not depending on Z and A, such 
that the following holds: If in Lemma \3.12\ statement (III) is valid, then 

-U^,x{Z) < -U^^x{ZnQ{q + ir)-^ Yl ^{ZnQi{r)f-Cij,+iV,+i + K^{ZnQ{q + l)). 

re[g+l] 

Moreover, there is another constant k' such that in the same situation 

-u^,x{z) < -u^,x{z n Q{q + 1)^) - (c^,+i - K')Vg+i - Hmz n Q(g + 1)). 

Proof. Let Z be defined as in Lemma[3l2]and define Z^"^^^ := ^(9+1) n (S'U Aa), where 
^(g+i) .- zn Q{q + 1) and S is as in Lemma [331 It holds 

-U^,x{Z) = - U^,x{Z n Q{q + If) - ?7^,(z(^+i)) 

- I^^,(Z(«+l), Z \ Q{q + 1)) - W^^{Z n Q{q + 1)^ \ (Z(''+l))). 

Using |Rue70t Proposition 2.5a] we find that the first assertion is shown as soon as we can 
prove that 

-ly^jzn Q((7 + i)^z^^+'^ \ (z(^+i))) < Ktt(z('?+i)). 

But this can be seen using Lemma [3^ Note that '^{Z n Q{q + l)'^) < (JZ and \l{Z^'^^^^ \ 
(|2'(5+i))) = 3.^d.jj2'('?+i). We obtain by the uniform lower regularity (Lemma 13. 9( i)) 

-w^,{z n Q{q + l)^ \ {z n Q{q + 1))) 



< 



3A 



3A 



By the summability property of ^ we know that A'^^' ([^J — [A]) is bounded indepen- 
dently of A. (It even tends to as A ^ oo). Hence the first assertion follows. 

The second assertion is seen from the first one, from the fact that there exists k' > such 
that for any / G No it holds 

^ (in(A:) + k)/ < k' 

and from Vq-^-l = + 1]. □ 

Remark 3.14. Note that for the proofs of Ruelle bounds in |Rue70j and [GKR07) it 

is only necessary to consider the cases (I) and (III) as in Lemma 13.121 In case (III) the 
restriction Q{q+l) C Ax/2 does not occur there. For the periodic boundary case, however, 
a restriction on q like this is essential in order to estimate the interaction term —W(j,^{Z n 
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Q{q + l)", Z^^"^^^ \ in the proof of LemmaEISl For this reason (II) is considered 

as a separate case: When one chooses A=k large enough and for some configuration (III) 
holds with q being too large, the total periodic energy of the configuration is large enough 
to be estimated from below in a suitable way. The meaning of this estimate and the other 
estimates in Lemmas 13.121 and 13.131 becomes clear in the proof of Theorem 13.151 below 
(which works as in [ GKR07] or |Rue70j ). 

We are now prepared to prove the main result of this section. 



Theorem 3.15. Let (p be a pair potential fulfilling (RP), (BB), (T) given in Section \3.1\ 
and let pmax > 0, /3 > 0. 

Then there exists a constant > and some A* > such that the following holds: 

For all \ >K and n G No, iV G N fulfilling n < N < Pmax(2A)'^ the canonical correlation 

function with periodic boundary, given by 

A A 

xi, • • • ,Xn G Aa, is bounded by . 

Remark 3.16. The above definition is supposed to imply that one sets k^^'^^ = 1 for any 
iV G N, A > 0. Moreover A:(^'^)(xi, • • • ,xn) = iV!^e-^^^>^(^^i'- xi,--- ,xn e 
Aa. 



7^ 



Proof. Choose A^=, C, k etc. as above, let < oo be as in [RueTOl Proof of Proposition 
2.6]. Set 



^ := max < 



q>P 



which is < cxD, since Tpq+i — > cxd as g — > oo and Vq^i grows at least as fast as q. The proof 
is done by induction on n. For n = the assertion is trivially fulfilled. 

By Lebesgue's dominated convergence theorem we may w.l.o.g. assume that {xi, • • • 
has distances < A. Moreover, we may assume that xi = 0. Let , S^^ and S^^^ be the 
subsets of tupels (x„+i, • • • ,X]y) G A^""" such that Z := {xi, ■ ■ ■ ,xn} has distances < A 
and satisfies (I), (II), (III) in Lemma r3. 121 respectively. Denote by S^Y the subset of S^^^ 
such that q is as in Lemma [3. 12r iII) and / = jj({x„+i, • • • ,X]\f} n Q{q + 1)). 

Let {xn+i, ■ ■ • ,xn) G . Then as in |Rue701 Proof of Proposition 2.6] we find that 

^<^a({^i}'{^2,--- ,xn}) < D. 

Hence, since xi = we have 

U(l>,x{{xi,- ■ ■ ,xn}) = U4,^x{{x2,- ■ ■ ,xn}) + W^^{{xi},{x2, - ■ ■ ,xn}) 
< U^,x{{x2, ■ ■ ■ ,xn}) + D. 

Thus 

(3.9) (]^^ l^^e-/^^^.^"— »dx„^i...rfx^ 



<e-^^iV^4"-^'^-^)(x2,--- ,x„) <e-/^^A:p^axe 



n-l 
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by Lemma 13.101 

Now let us consider the configurations in S^^. Here Lemma |3. 121 and 13. lUI yield 
(3.10) /^^^e-^^^-(i— 

A 



— Pmax — Pmax? 



We finally turn to , g > P, </< iV-n. Denote A^(g) :=JJ({xi,--- , a;„}nQ(g+l)) > 

1 and assume w.l.o.g. that xi,--- ,xj^i^q) G Q(9 + 1)- We set Xq ■= e~'^('^'^«+i~'^')^''+i. 
Lemma 13.131 shows that 



(iV-n)!zf'^ y 

A < 

< y I - ^ A f e-/3t^0,A({^iV(,) + l,- ,^iV-a)(^2; ^-i . . . 

- (AT - n) ! V^V - n - /y) y^iv-„-, '''^"+1 "''^ 



N-l 



_^ VH_fA ,(A-/-Af(q),n-A(g)). ^ 

A 



— Ag/^max S ^ AqPrnax? 

Summing over q > P and / we obtain 

AT' If ~ 
(3.11) e-^^^>^«-i'-'--»dx„+i...dx;v 
(A^ - n)! ^'{^'P Js-f" 

_ S Pmax / ^ e 

The assertion is implied by our choice of ^, ()3.9I) . p. 101) . ()3.1ip and the fact that the set of 
tupels {xn+i, • • • , xn) S -'^a^"" such that {xi, • • • , xat} has distances < A has full Lebesgue 
measure in A^""". □ 



As in [GKR07[ Theorem 3.2] in the case of empty boundary condition one also obtains an 
improved Ruelle bound. 

Corollary 3.17. Under the assumptions of Theorem \3.15l there exists a constant C ^ ? 
such that for all A > A* and n G Nq, A^ G N fulfilling n < N < Pmax(2A)'^ it holds 

(3.12) k^x'^\xi,--- ,xn) <C inf e"^^^'^' "^^(^^-^^^ 

l<i<n 

for all xi, - ■ ■ ,XnGA\. It follows also that 

k'(''^\xu--- ,Xn) < Ce-^^W}c{i.->iv}<^A{^.-x,) 
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Proof. The proof is a slight modification of the proof of the second assertion of [GKR07[ 
Theorem 3.2]. 

Since the canonical ensemble w.r.t. (p with periodic boundary condition is the same as 
the canonical ensemble w.r.t. (f)\ having empty boundary condition, we have the following 
Kirkwood-Salsburg type equation: 



z 



N-l,l3 



^\ \ 2<i<N 



,XN) 



N-n 



1=1 ' -^^x i=l / 

(cf. |GKR07] or |Hil561 Equation (38.16)]). We may assume that any tupels occurring in 
this formula have distances < A and by translation invariance we are allowed to assume 
that xi = 0. Then under the integral sign we may replace (j)x by (j)x. But cpx fulfills (T) 
and (BB) uniformly in A > Aq. Thus 

h := / le-^'^^(^) -l\dy< oo, 



is bounded independently of A > Aq. Therefore, by Lemma 13.101 and Theorem 13.151 we 
have 

( N) [ - \ f ^-"^n+«-ljfc\ 

kx (xi, • • • ,Xn) < exp -/? ^ (i)xixi - Xi) /cpmax I + ^| 1 

\ 2<i<n J \ 1=1 ' J 

< exp -(3 ^ ^x{xi - Xi) C'^kp^^^e^^ < exp -(3 ^ ^x{xi - Xi) C 

\ 2<i<n ) \ 2<i<n ) 

where C, := max{^, /cpmaxC^^}- Symmetry of the correlation function implies the assertions. 

□ 

3.4. Weak limits of measures and Ruelle bounds. In this section we prove that a 
uniform (improved) Ruelle bound is transported to weak limits of measures on 

r. Moreover, we prove that for a large class of functions / : Fq — > M defined on the space 
ro := {7 C M'^|tl7 < 00} of finite configurations it holds /i„(i^/) fJ-{Kf) and that one 
may find bounded continuous local functions approximating Kf uniformly in L^(r; //„,), 
n G N, and in L^(T;p,). Here Kf : T — > M denotes the iC-transform of /, given by 
Kfil) •= 'Ylific'y fi&Vo /('?)• -^o'^ further information on this mapping see [Kun99j . These 
results then also hold for Tq, T replaced by the velocity marked spaces Fq, F'', when one 
assumes that the velocities are independently Gaussian distributed and do also not depend 
on the configuration. This is (basically) seen with the help of Lemma |3. 191 below. 

Let us at first collect some more notations (cf. |Kun99] ). By Fa we denote the subset 
of F consisting of configurations contained in A C W^. Let now A C be open. The 
projection p\ : T ^ T \ mapping 7 G F to 7 Pi A G Fa is continuous, when Fa and F are 
equipped with the vague topology, which we will always assume below. This means, we 
equip Fa (resp. F) with the vague topology on the set of Radon measures on A (resp. W^). 
Moreover, these spaces shall be equipped with the corresponding Borel cr-fields. 
We denote by F„ C Fq the set of n-point configurations and by Fa,™ C Fa the set of n-point 
configurations contained in A, A C open, bounded. For measurable and topological 
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structures on these spaces we refer to |Kun99| and to the considerations around Lemma 
[3:231 below. We denote the Borel ir-field on Tq by ,S(ro). Let A C M'' be open and 
bounded. In the sequel we use the fact that when we consider T\ C Lq as a topological, 
hence as a measurable space, the corresponding measurable structure coincides with the 
one on T\ induced by the vague topology (cf. [Kun99t Remark 2.1.2]). This implies that 
PA : r ^ Fa C To is measurable. 

The Lebesgue-Poisson measure A on Fq is defined by 

A(^):=V-r/ 1a{{xi,--- ,Xn})dxi---dxn forAG^(Fo). 

A measure on F is said to be locally absolutely continuous w.r.t. Lebesgue-Poisson mea- 
sure if for each open bounded A C the image measure fJ.op]^^ is absolutely continuous 
w.r.t. the restriction of A to Fa, considered as a subset of Fq. For any such probability 
measure fi one defines the correlation functional : Fq — > M by 

) := I ^(^°Pa y 7 )dA(7) when 7' G Fa, A C M*^ open, bounded. 

In the same manner we define F^, p\, etc., but we replace the vague topology by the 
topology generated by bounded continuous functions with spatially bounded support. We 
define A'' to be the Lebesgue-Poisson measure corresponding to the intensity measure 



d{x,v) (cf. |Kun99[ Chapter 3.L3]), i.e. 



00 „ 

\%A) := V - / Ia{{{xi,v^), • • • , (x„, i;„)})e-^(''?+-+^")/2 . . . 

for A G B{Tq). We also define for a function / : Fq ^ M similarly to the unmarked case 

The difference between the velocity marked situation and the unmarked situation is negli- 
gible for the sort of results we derive below, if the velocities are assumed to be distributed 
independent and Gaussian. This is (mainly) seen by Lemma 13.191 below. We call a mea- 
surable function F : V" ^ M (resp. F : F — > M) a cylinder function, if for some bounded 
measurable A C M*^ it holds F = F o pr^ (resp. F = F o pi/J. We need one preliminary 
observation: 

Lemma 3.18. A sequence (t'n)nGN of probability measures on V" converges weakly to a 
probability measure v i/i^„(-F) v{F) as n — > 00 holds for all bounded continuous cylinder 
functions F : F'' ^ M. 

A similar statement holds for probability measures on F. 

Proof. Let /fc, (7^, k G N be as in the definition of the metric in ()2.1|) . Let O^d 
be a countable base of the topology of W^. Set Or" := {{fkry{U)\U G 0^d,k G 
N} U {{gk,Wx')~'^{U)\U G Oi^d,k G N}. The set Op" of finite intersections of sets from 
Or" forms a countable base of the topology of F^ consisting of cylinder sets (i.e. sets whose 
indicator functions are cylinder functions). Now one verifies that the indicator function 
of each element of Or" is the monotone limit of bounded continuous cylinder functions. 
This extends to sets from Or", and to countable unions of such sets, i.e. to all open sets in 
F^. From this one can derive that liminf,j /in(0) > p(0) holds for each open set O dV" 
implying weak convergence. 

The second assertion is shown analogously. □ 
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Lemma 3.19. Let fi be a probability measure on T which is locally absolutely continuous 
w.r.t. Lebesgue-Poisson measure A. Then there exists a unique measure ji^ on V" , defined 
via 

(3.13) — {{{xi,vi),--- ,ixk,Vk)}) = {{xi,--- ,Xk}) 

for any {{xi, vi), • • • , {xk,Vk)} € T\, k G No, A C M"* open, bounded. 

Moreover, for measures fi, fin, n £ N, on T which are locally absolutely continuous 

w.r.t. Lebesgue-Poisson measure one obtains 

(i) fin ^ fJ- weakly iff fi^ ~^ weakly, 
(a) (Mn)n is tight iff {fin)n is tight. 

(Hi) For any nonnegative measurable / : Fq — > M^J" it holds 

fi^{Kf) = is{Kf,) 

where 

,Xk}) := , , / f{{{xi,vi),- ■ ■ ,{xk,Vk)})x 

e-W^^^-"+-+-l)dv,...dvk 

for {xi,--- ,Xk} G To, k G Nq- Moreover fin{LCf*) fJ-iKf*) as n ^ oo iff 
fil{Kf) ^ fi^Kf) asn^oo. 
(iv) For the correlation functionals it holds p'"^v{"f) = P/.i(pi'^7), when we define pj^v 
analogously to p^. 

Proof. Existence and uniqueness are seen using Kolmogorov's theorem (cf. jKun99t Section 
3.1.3]). 

We now prove (i) : Note that A = o pr^. ^ . Applying the uniqueness part of Kolmogorov's 
theorem to the unmarked case, using (j3.13p and noting that pr^. o pr]^ = pr^ o pr^, for all 
A C M°' open, bounded, we find that fi = p"" o pr~^, pn = Pn° P^x^^ n G N. The fact that 
p^ p" implies pn ^ p is now seen by continuity of the projection pr^ : F*" — > F. 
Conversely, assume that pn ^ p weakly. We use Lemma 13.181 Let F : F'' ^ M be a 
bounded continuous cylinder function. So, there exists A C M'^ bounded, measurable such 
that F = F o pr^. Define the bounded function : F — > M by 

F*(??U{xi,--- ,Xk}) := ^ , , / F{{{xi,vi)--- , {xk,Vk)})e-f^^'^=^''^ dvi ■ ■ ■ dvk 

for rj G Fac and xi,--- ,2;^ G A pairwise distinct, G N. (Note that by continuity the 
integrand is measurable. Measurability of : F ^ M follows e.g. from its continuity, 
which is shown below.) This definition is independent of A as long as F o pr^ = F and 
from the definition of p'" one finds that p{F^,) = po pr^^(F^.) = p" o (pr^)~-^(F) = p'"{F) 
and also pn{F^) = Pn{F). So, using Lemma [3.181 it remains to prove that F^, : F ^ M is 
continuous. This is not immediate, since we are dealing with topologies on configuration 
space here. So, let 7" ^ 7 in F. Choose A as above such that A is open and 9An7 = 0. Let 
A n 7 := {xi, ■ ■ ■ , xif.}, A: G N. By a construction as in [Kun99t Proof of Proposition 4.1.5] 
one finds that for large n it holds 7" n A = {x", • • • , x^} such that ^ Xj as n ^ 00 
for all « = I,-- - Finally, we note that this implies that {(x",fi),--- ,{x'^,Vk)} 
{{xi,vi), - ■ ■ ,{xk,Vk)} in F" as n ^ 00 for any vi,--- ,Vk G M'^, thus -F*(7") F^,{'y) 
follows from Lebesgue's dominated convergence theorem, concluding the proof of (i). 

(ii) follows from (i) and the fact that we are dealing with Polish spaces here, so tightness 
and relative compactness are equivalent by Prokhorov's theorem. 
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(iii) : If / has support in Fa,™ for some open bounded A and some m G N, the first 
statement is seen by a calculation as in the proof of (i). By monotone convergence the 
assertion extends to / : Tm and also to general / : Fq — > M^j". The second statement 
follows from the first one. 

(iv) is seen from the definitions. □ 

If a probability measure /U on F is locally absolutely continuous w.r.t. Lebesgue-Poisson 
measure and its correlation functional fulfills 

(3.14) PmO?)<^"'' forallr/GFo, 

it is said to fulfill a Ruelle bound. Note that by |Kun99 l Proposition 4.2.2] (or by Propo- 
sition 13.211 below) any measure fulfilling a Ruelle bound possesses finite local moments, 
i.e. 

//(tt(- n A)"^) < oo 

holds for any relatively compact A C M'^ and m G N. 

For the unmarked situation the following lemma is a special case of [Kun991 Theorem 
4.2.11]. In the velocity marked case it can be shown analogously or using Lemma l3.19f iii) 
above. 

For a measure /i on Fq (resp. Fg) and a nonnegative measurable function / : Fq — > M 
(resp. / : Fq — > M) we denote by /(•)/i or //i the measure having density / w.r.t. /i. 

Lemma 3.20. Let p he a measure on F being locally absolutely continuous w.r.t. Lebesgue- 
Poisson measure. Let f G L^{rQ] p^{-)X). 

Then Kf G L\T;p), ||i^/||z.i(r;M) < ll^l/l IIlMF;^) < ll/llLMro;p.{-)A) <^^d 



fiv)p,iv)dX{v) = / {Kf)i^)dp{^). 
To Jr 

In particular, the sum defining Kf converges p-a.s. absolutely. The same holds with fi, 
p^, \, Fq, F replaced by p^ , p'"^v, X" , Fq, F^, respectively. 

When one assumes some more integrability of /, the above integrability result may be 
extended also to powers of i^-transforms, since they can be expressed as sums of K- 
transforms of products: 

Proposition 3.21. Let p be a probability measure on F which is locally absolutely con- 
tinuous w.r.t. Lebesgue-Poisson measure. Let K £ N and f : F^ — > M (^or equivalently 
f : (M'^)'" — > M symmetric) be measurable. Define for M < mK 

yM,K '■= {("1) ■ ■ ■ ,OimK) G {1, • • • ,M}'^^\aim+i, ■ ■ ■ , aim+m are pairwise distinct 

for all I = 0, - ■ ■ ,K-1, ([{qi, • • • , amx} = M}. 

(The last condition in this definition ensures that each element of{l,--- ,M} appears at 
least once.) 

Assume that for any M < mK and (ai, • • • ,amK) £ holds 

(3.15) ( [ pMir-- ,Cm}) n >W™)l'^6---deM^ <oo 



1=0 



Then 



J^\Kff dp <oc 



22 



FLORIAN CONRAD, MARTIN GROTHAUS 



and this integral may be estimated by a (finite) linear combination of the integrals in 13.15\) 
with coefficients only depending on K and M , not on fi. 

A similar statement holds in the velocity marked case with independent Gaussian velocities. 
In this case, in 1^3. 15\) one also integrates over the velocities, but w.r.t. the corresponding 
Gaussian measure instead of Lebesgue measure. 

Proof. W.l.o.g. we assume / to be nonnegative. For 7 G F let {zi)i^n be a an enumeration 
of the elements of 7. It holds 

K 



{m 



J?C7,ttJ?=m 



K-l 



1=0 



K-l 



mK 

EE E n/feo 

M=m (yi,... ,yM)€W (air" ,amA')eJ^A',M '=0 
mK , K-l 

M! ^ ^ 

M=m (yi,- ,yM)&l^' 



1 y^iv 



mK ^ 



'tm + l ' 



where J2a extends over all permutations a of {1, • • • , M} and 7^^ denotes the set of M- 
tupels (zjj, • • • , Zij^f) such that ii < • • • < The last equality is due to the fact that the 
last sum is a symmetric expression in yi , • • • , . We obtain 

K 



(3.16) 



(ml 



1 



mK 

^ Ml 

M=m (ai, 



E 



E 



F, 



(01 



'(ai,--,amK,M)(2/l, • • • ,yM) 



,yM) 



defines a symmet- 



where 

ric function. So the last sum in (|3.16|) is the ii'-transform of a symmetric function. Ap- 
plying Lemma I3.2UI we obtain the assertion. 

For the velocity marked case the proof is completely analogous. □ 

Remark 3.22. (i) In fact, we only use the above proposition for m = 1 and for 

m = 2. If m = 1 and fulfills ()3.14p . the situation becomes considerably easy, 
since (|3.15|) is implied by 

/ G L^{R'^;dx)nL^{R'^;dx) 

and fi{\Kf\^) can be estimated in terms of WfWL^md-dx)^ \\f\\LK(R<i.dx) and ^. In 
the velocity marked case the situation for m = 1 is analogous (with M'^ replaced 



by M'' X M*^ and dx replaced by 



-1^'' /^d{x,v)). 



(ii) Note that if (//n)neN are as in Proposition l3.211 and fulfill a Ruelle bound uniformly 
in n, one finds that the resulting estimate for H-fi^/llLA^p.^^^-) is uniform w.r.t. n. 

Before going on we need some information on the topological and measurable structure 
of Fq. Fq = IJ^^gFrn is equipped with the topology of disjoint union. Therefore, 13(Tq) 
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is generated by open sets U C r^, m G N, which are bounded in the sense that U C T\^m 
for some open bounded A C M'^. The topology on r^, m G N, is defined as the quotient 
topology w.r.t. the mapping sym^ : (M'^)'" \ — > r^, where Dm = {(xi,--- ,Xm) G 
['R.'^)"^\xi = Xj for some i / j}. 

We find that the set Um of open bounded sets in Tm is closed w.r.t. finite intersections 
and that there exists a sequence {Uk)keN C Um increasing to r^- Therefore, the collection 
U := Um^m be used to prove equality of measures on Tq. We use this fact in the 
proof Lemma of 13.241 below. Moreover, any element of U is the limit of a monotonically 
increasing sequence of bounded continuous functions on Tq: 

Lemma 3.23. Let U C Tq be open and bounded, i.e. there exists M G No and an open 
bounded subset A C M'^ such that U C Um=o^A,m- Then there exists a sequence {fk)k&{ 
of bounded continuous functions on Tq increasing to Ijj. 

Proof. Assume w.l.o.g. that U C La,™,, m G N. Since sym^{U) C M'^ is open we may 
choose bounded continuous functions /fe : M*^ — > M, A; G N, with bounded support in- 
creasing to lsyin-i{(7)- mixing over the permutations of the arguments we may as- 
sume that the fk are symmetric. Now define fk{{xi,--- ,Xm}) '■= fk{xi,--- ,Xm) for 
{xi, ■ ■ ■ ,Xm} G Tm, k G N. The desired properties of the sequence {fk)keN follow imme- 
diately. □ 

We now prove the result mentioned at the beginning for the case of the original (in 
contrast to "improved") Ruelle bound. 

Lemma 3.24. Let {fj,n)n be a sequence of probability measures on T such that each fin is 
locally absolutely continuous w.r.t. Lebesgue-Poisson measure and such that moreover the 
correlation functionals fulfill a Ruelle bound Ii3.14\ ) uniformly in n. Let fin ^ fi weakly as 
n — > oo. 

Then the following holds: 

(i) For any f G L^(ro;^^'A) it holds fin{Li f) —>■ fi{Kf) as n —>■ oo. Moreover, there 
exists a sequence {Gk)keN of bounded continuous cylinder functions Gk '■ T ^ U. 
such that Gk — > K f as k ^ oo in L^{T; fi) and L^{T; fin) uniformly in n £ N. 

(ii) fi is locally absolutely continuous w.r.t. Lebesgue-Poisson measure and its corre- 
lation functional fulfills the same Ruelle bound as the fin- 



dual of L^{Tq; A) ). 
Similar statements hold for fx" , fi^, n G N. 

Proof. Let / : Fq ^ M be any nonnegative bounded continuous function having local 
support, i.e. there exists A C M'^ bounded such that 7(7) = for all 7 G Fq VLa. Then the 
mappings K f A r : F — > M, r > 0, are bounded and continuous (cf. |Kun991 Proposition 
4.1.5(v)]). Consequently, fin{LCf A r) ^ 1^{K f A r) as n ^ 00. By Proposition 13.211 and 
Remark 13. 22( i) we find that fin{K f -Kf Ar) < ^"^^^-^^'^ ^ as r ^ 00 uniformly in n. 
Moreover, for each r > it holds 



by Lemma 13.201 So, the monotone convergence theorem implies Kf G L^(T;fj,) and 
Kf Ar ^ Kf in L^(T;fi) as r ^ 00. Therefore (i) holds for / as described above. We 
continue the proof of (i) after showing (ii) and (iii). 



(Hi) The sequence 




converges in weak-* sense to jfy 



in L°°(Fo;A) (seen as 



fi{Kf Ar) = lim fin{Kf Ar) < sup/i„(i^/) < 00 
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Relative compactness of ( ^tj^ ) w.r.t. weak-* topology follows already from bounded- 

ness and the Banach-Alaoglu theorem. Let p be an accumulation point and set p := p^}' . 
(This convenient method for obtaining a limiting correlation functional is taken from 
[Rue 70 1 Theorem 5.5], |Kun991 Theorem 2.7.12], where it was used to prove the existence 
of a grand canonical Gibbs measure.) We now prove that p(-)A coincides with the cor- 
relation measure of p id. }Kun99[ Section 4.2]). Once this is shown, we find by |Kun99t 
Proposition 4.2.2, Proposition 4.2.16] (the conditions given there are fulfilled by /o(-)A) 
that p is locally absolutely continuous w.r.t. Lebesgue-Poisson measure and by |Kun99t 
Proposition 4.2.14] we see that p is indeed the correlation functional for p. This implies 

(ii) , and since it implies that there is at most one accumulation point p, (iii) also follows. 
Let U S Um, rn S Nq. Choose a sequence {fk)k£N increasing to lu as in Lemma r3.23l Then 
by integrability of lij w.r.t. ^"'A and Lemma 13.201 we find that Kf^ — > Klij in L^{T; pn) 
as A; ^ oo uniformly in n. As above, using the monotone convergence theorem we obtain 
that Kfk Kljj also in L^iT] p). Therefore, 

(3.17) Pn{Klu) ^ p{Klu) 
as n ^ oo. 

We choose a subsequence {p^j.„^ )k&i such that limfc^oo = pin L°°(r°;A) w.r.t. weak-* 
topology. Then 

(3.18) f p,^^ludX= [ ^C^ludX^ [ pludX 

as n ^ oo. By Lemma 13.201 the left-hand sides of (j3.17p and (j3.18p coincide, hence we 
conclude equality of the right hand sides for all U £ U. This implies by [Bil79, Theorem 
10.3], [Kun99. Definition 4.2.1] and the considerations preceding Lemma 13.231 that the 
correlation measure of p is indeed given by p{-)X. 

We complete the proof of (i). Let / G L^(ro;^^'A). We may w.l.o.g. assume that / 
is nonnegative. Choose a sequence {fk)k£N of bounded continuous functions having local 
support converging to/inLi(ro;C«-A). Now, since the same Ruelle bound holds uniformly 
for Pn, n G N, and also for p, (i) follows from Lemma [3.20l It holds Kfk — Kf in -L^(r; pn) 
uniformly in n and in L^{T; p). 

In the velocity marked case (ii) now follows using the definition of p" and Lemma [3.19f iv). 

(iii) is also seen using this lemma: For / G L^(rQ, A^) it holds with /* defined as in Lemma 
[3TWiiil 



- ' ""-0 

as n — > oo. (i) is shown for the velocity marked case analogously as for the unmarked 
case. □ 

We now extend the results from Lemma [3. 241 for the case of the improved Ruelle bound. 

Lemma 3.25. Let {pn)n be a sequence of probability measures on T, which are locally 
absolutely continuous w.r.t. Lebesgue-Poisson measure and converge weakly to p. Let C ^ 1 
and {hn)nen C L^{Tq;X) be (uniformly bounded and) weak-* convergent to some h G 
L°°(ro;A). Assume that 

is valid for all f) G Fq and n G N. Then the following holds: 
(i) p^ fulfills the analogous bound with h^ replaced by h. 
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(ii) Assume in addition that there exists a function h such that hn,h < h. For 
any measurable function / : Fq — > M which is integrable w.r. t. C^'h{-)X it holds 
finiKf) — > fi{Kf). Moreover, there exists a sequence of bounded continuous cylin- 
der functions {Gk)k>o such that Gk — > Kf as n ^ oo uniformly in L^(r;/x„), 
n G N, and in L^{T; n). 

Similar statements hold for /i^, /i^, n G N. 

Proof. Since the /in, n G N, are uniformly bounded and ^^^(0) = 1, the fulfill a uniform 
Ruelle bound < C"' with C ^ C w.l.o.g. So converges in weak-* sense to ^ by 

Lemma l3.24( iii). Thus 

d^\dX= lim / (^^d\< lim / hr,^dX= f h^ d\ 



holds for any set A C rA.m for some open relative compact A C M"^ and some m G N. This 
already implies (i). 

We now prove (ii). Let {fk)k€N C L^{To;C^'X) be such that ^ / in L^{To;h{-)^^'X). 
Due to Lemma 13.201 it holds 

\\Kf - Kfk\\Li(r;f,„) < 11/ - /fc||Li(ro;p^„(-)A) < 11/ - AllLi(ro;M-)A)' 

which converges to as A; ^ oo uniformly in n. Analogously we see that Kfi^. — > Kf in 
L^(r;^). Now (ii) follows from Lemma l3.24l fi). 

In the velocity marked case (i) is directly seen by Lemma I3.19( iv) and (ii) is derived 
analogously to the unmarked case. □ 

We now focus on a special class of measures, the canonical Gibbs measures. For any 
open bounded set A C M'^, G N, /3 > and a symmetric potential (/) (which we assume 
to be bounded below and finite a.e.) one defines the canonical Gibbs measure by 

(3.19) i^'^/^(A) := ^ [ U(xi,--- ,x^)e-^^^(^i'-'^^)dxi---dxAr, 



A C A^ measurable, where ^^'^ is the normalization constant. Define a mapping 
sym^^^ : A^ ^ r by symA_^(xi, • • • ,xn) ■= {xi, ■ ■ ■ ,xn}, xi, • • • , xat G A. Then the 
image measure o sym^^^ defines the corresponding distribution of A^-point config- 
urations. (Note that /^^''^-a.s. sym^^ has values in La.at, i.e. one a.s. obtains A^-point 
configurations. ) 

We formulate the tightness result from |GKR07[ Lemma 5.2] more generally, such that 
it also admits the perodic boundary case, in which, as the particle number A^ and the 
volume A of the system, also the potential (p varies. 

Lemma 3.26. Let {(j)n)neN be a sequence of symmetric pair interactions fulfilling (RP), 
(BB) uniformly in n. Moreover let (A„)neN C N and {An)neN be a sequence of open 
relatively compact subsets o/ M'^. Assume that sup„ ^^j^]^ ^ < oo. Set pn '■= /^^'a„ ° 
sym^^ . If the correlation functionals p^^ of pn, n G N, fulfill the improved Ruelle 
bound 

P^,r^ iv) < C^^'e'^ ^{-.yycv M^-y) j^^Yq 
uniformly in n, then the sequence {pn)n&i is tight. As a consequence, the same holds for 
the sequence (/iJ^)„gN- 
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Proof. The proof is essentially the same as the proof of [GKR07[ Lemma 5.2]. We use the 
compact functions S^^''^'^, where $ is chosen as in (RP) and h is as in Section El In order 
to prove that sup„gpj ||5'^*''^''^||L2(r";/i„) < using Proposition 13.211 one has to estimate 
integrals of the form 

where fiy,y') = eW-m\y-y'\)h{y)hiy'), y,y' G M'^, {A,B,C,D}^ = {!,■■■ ,M}, M G 
{2,3,4}, B andC ^ D. Since e(^/3)(*(l«^-«sl)+*(iec-?D|))e-|r Ei<,<,<a/ /3</'n(Si-€,) 
bounded for any such M, A,B,C,D, it remains to show that 

\h{U)h{^B)H^c)h{^Dmi ■ ■ ■ dUi < oo. 

But this follows since h G L^(K'^) n L°°(K'^). The last assertion then follows by Lemma 

Remark 3.27. (i) Let (p fulfill (RP), (BB), (T) as in Section O and let A„ := 
= {~'^n, ^nY, n G N. Then by Lemma f3.6l and Theorem l3.15l the conditions of 
Lemma [B.26l are fulfilled for any sequence {Nn)n<=N, (An)neN fulfilling lim^^oo An = 
oo and lim„_^oo jix^ = P ^ [0) oo) with := (^;s^^, defined as in (j3.5p . Hence the 
corresponding sequence {fin)n£N is tight, 
(ii) In the periodic case (cf. (i)) one might rather consider ^u^^''^^ o per^^ instead of 

/^A"',Af„ ° symX^,iv„, where per^^^^Jxi, • • • , xnJ := Urez^a^i + 2Anr, • • • ,xn„ + 
2Xnr}. 

But since for any cylinder function F : F ^ M it holds fJ-'x'^^^ o P^^A^ N, 

iAl^n^Nn ° ^y^^An Nni^^) ^ Lcmma [3.181 implies that weak convergence properties of 
these sequences are equivalent. 

Finally, in order to apply the result from Lemma 13.251 to the case of periodic boundary 
condition, we make the following remark. 

Remark 3.28. Consider again the situation from Remark I3.27( i). For ip : M*^ ^ M we 
define 5^ : Fq ^ M by 6^(r/) — e"^ ^{-.!/}C'i '^(^-f) (or 6^(r/) := inf^g^ e~^^«6''\{-} '^('=~^)), 
T] £ Tq. Setting /i„ := Ia;^ bi and h := we find by uniform stability of the periodic 

interaction energy of configurations in A;^^ (cf . Lemma I3.9( ii) ) that the /i„ are uniformly 
bounded. From <\2>M we find that 0a„ 4> pointwise and hence also 4>\^ — > (p pointwise, 
which implies that hn ^ h pointwise. Together with uniform boundedness we obtain 
weak-* convergence in L°°(Fo;A). Hence Lemma l3.25( i) can be applied and /u fulfills the 
improved Ruelle bound for (p. 

We now choose a function h fulfilling the assertion of Lemma I3.25( ii) and which is useful 
for the considerations in Section [4.41 below. By (13. 6|) there exists m > such that 

l<^A„(y) - 4>iy)\ = \4>\niy) - 4>{y)\ <m forn G N, \y\ < Xn 

and 

inf (^A„ (z) = inf (j)x„ (z) < -m - M 
for all n G N, where —M denotes a lower bound of (p. Hence, setting 



(j){y) -m if \y\ < Ai 
—m — M else 
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we obtain cpx^ > cf) for all n E N and (p > (p, which implies hn, h < =: h, n £ N. Thus 
the conclusion of Lemma I3.25r ii) is valid in this case. Moreover, (p + m + M + M' > (p, 
where M' := sup^^^^^i 4>{x) < so II ■ W Lp(s.''-e~i^'i'dx) '^^^^ II ' \\Lp{R'^;e-i^'i>dx) equivalent 
norms for p > 1. 

4. A^/y-LIMIT OF LANGEVIN DYNAMICS 

We now derive the main result of this article. Starting with A^-particle Langevin dynam- 
ics on cuboid domains (Section 14. 2p . we go on by proving tightness of the corresponding 
laws on (Section 14. 3p and finally prove (Section 14. 4p that any weak accumulation point 
of these laws solves (jl.ip weakly in the sense specified in Section [H 

Throughout this section we fix an inverse temperature /? > and we assume that any 
function g : A ^ M. defined on some subset A C Tq (resp. Tq) is extended to the whole of 
Fq (resp. Tq) by being set to on the complement of A (cf. Section [3.41 for the definition 

of To, rg). 

4.1. Additional conditions on the potential. Let be a (symmetric) pair potential 
fulfilling the conditions (RP), (BB), (T) given in Section 13.11 Consider the following 
additional conditions on cp: 
(WD) {weak dijferentiability) cp is continuous in M'^ \ {0}, (p is weakly differentiable on 
this set and \/(p is bounded on each of the sets {x G M"^! \x\ > r}, r > 0. Moreover, 
V(p e L^R'^;e-'^'l'dx)nL^{R'^;e-f^*dx). 
(IDF) [integrahly decreasing forces) cp is weakly differentiable in \ {0} and there exist 
i?3 > and a decreasing function 9 : [R-^, co) [0, oo) such that 

|V(7:)(x)| < 6l(|x|) for all X G M'', |x| > i?3 
and Jj^^ r'^~^6{r) dr < oo. 

Remark 4.1. (i) Both assumptions we suppose to be quite natural and sufficiently 
weak, allowing e.g. the Lennard-Jones potential or any other potential fulfilling 
(WD) and being such that |V(/)(x)| decreases when |x| — > oo, x £ M*^. 

(ii) In order to do the construction using a limit of dynamics corresponding to (p 

with periodic boundary, we need uniform L^-integrability of the Vcpx w.r.t. e~^'^^ 
(cf. (|3.5p ). at least for a sequence tending to oo as n — > oo. When (WD) holds, 
this is an assumption on the behavior of V(/) away from the origin. Condition 
(IDF) yields an appropriate behavior, as we prove in the following lemma. Though 
it might be not optimal, it is sufficient for our purposes. 

(iii) We suppose that one does not need (IDF) to construct a martingale solution of 
(jl.ip . The construction for a potential (p not fulfilling (IDF) might be done by 
constructing first the dynamics for smooth cut-offs of (p by approximation with 
periodic potentials and then approximating (p by the cut-offs. However, we do not 
enter into a detailed consideration about this question here. 

Lemma 4.2. (i) Let cp fulfill (RP), (BB), (T), (WD). Then for any X > the func- 
tion (px is weakly differentiable in (— 2A, 2A)'^ \ {0} and for any Xq > it holds 

SUPA>Aol|V'^A|lii(A^^.,-,^,^,) <00. 

(ii) If (p additionally fulfills (IDF), then supa>Ao \\^>^\\L3(A2y,e-i^'i'xdx) ^ °° ^"^'^^ -f^^ 
any Xq > 0. 

Proof. The functions (px, X > 0, are cutoffs of 2A-periodic functions, hence all the assertions 
on integrals over A2A can be reduced to assertions on integrals over Aa. E.g., we have 
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(i): For the first assertion it suffices to prove that is the L^(A2a; e~^'^^(ix)-Iimit of 
a convergent sequence of weakly differentiable (in (— 2A, 2A)'^ \ {0}) functions w.r.t. the 

norm || • \\y^i,i(^^^^^^-fi4>xdx) H ' Wh^A^x-fi-i'^^dx) + ' ^ L\K2x;e-P^>^dxy ^^^"^ '^^''^ • = 
Z]rGZ'*,|r|<fc'^(' + 2Ar), /c G N. Then 0a,A: ^ 0a as A; ^ cxd in L^(A2a; e"'^'^^) and moreover 
for k,l eJi, k>l,\i holds 

||V(^A,fc - V,^A,dlii(A^^.,-/3^,) 
JA(2«+l)<|a;| 

as / ^ oo. Here m is as in Remark 13.281 This shows the first assertion. 
Since m can be chosen independent of A > Aq, we find by an easy argument similar to 
the above calculation that I|V(^a||^i(^^^.^-,^,^^) < 2'^e/5(™+*^+*'^')||V0||ii(R..,-^,rf,), where 
M' := sup|^|>Ao (pix). 

We now prove (ii). We may assume that = Ri = R2 =: R < Xq- By the considerations 
preceding the proof of (i) we have to estimate 

/ ^V</.(x + 2Ar) e~^'^^(^)dx< / I |V(/.(x)| + ^(k + 2Ar|)| e-^^^^""^ dx 

independently of A > Aq. Due to L^-integrability of V0 w.r.t. e~^'^dx, hence w.r.t. 
e~^'^^dx uniformly in A > Aq, it suffices to show that (2A)'^ sup^.gy\^^ (^Sr^^o^d^ + 2Ar|) 
is bounded independently of A > Aq. 

This follows from monotonicity and integr ability of 9: For A > Aq, a; G Aa it holds: 



j^J{\y + 2Xr\)dy Cj^,^^^d{t)t 



d-i 



dt 



^ ^ {2XY - i2Xr 

ri>lVi rj>OVi 

for some C < 00 independent of A. Here we extend 6 to [0,cxd) by setting 6{t) := O^R^) 
for t < R3. Other parts of the sum J^o^reZ'^ treated in an analogous way. □ 

Remark 4.3. In order to have some more concrete legitimation for the introduction of 
the additional condition (IDF), we consider the following example: Set d = 1 and consider 
4> according to (RP), (BB), (WD) such that it holds V(/)(x) = 1 whenever 2k+^ — j^^fp < 

\x\ <2k + l + pij^ for some A: G Z and \/cl){x) > when 2k + I < \x\ < 2k + |. Then 
(j) can be such that V(p G Ci L"^ and (T) is fulfilled, but Ylrez ^'Pi' + 2?^) behaves like 
^ around ^, so one does not obtain integrability of\/(j)i. 



Lemma 4.4. Let (p fulfill (RP), (T), (BB), (WD), and assume that for some Aq > 
it additionally holds supa>Ao -e-^^dx) ^ ^ for p = 1,2,3. Then it holds for 

i = l,2,3 

sup \\\yh\e~^^^\\LKK^y4x) = 2"^ sup \\\yh\e~^^^\\L^(Ky4x) < 00 

A>Ao A>Ao 

Proof. The equality is clear, cf. the proof of Lemma 14.21 

Choose any a > 0. The functions (px are bounded in the set {x G Aa||x| > a} and 
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the bound is uniform in A > Aq (cf. Lemma I3.6p . Hence there exists D > such that 
g--3-<^A < Be^^'^^ on this set for A > Aq. We compute for A > Aq 

|||V<AA|e-i<^NIi»(A,;d.) 

by the Holder inequahty. The assertion follows. □ 

4.2. The finite particle dynamics on . Let (/> fulfill (RP), (T), (BB), (WD) and 
(IDF) and let G N, A > 0. The state space for the A^-particle dynamics is given 
by E^, where Ex := MxxR'^, Mx being the manifold resulting from glueing the op- 
posite surfaces of Aa = (— A,A]'^ together. We define the iV-particle potential ^'a.at by 
*A,Af(a^i, • • • , xn) ■■ = lli<j 4 >\{xi - Xj), (xi, • • • ,xn) e M^. The potential ^'a.at fulfills 
the assumptions of |CG08al Theorem 2.1] (cf. [CGOSal Example 2.3]). Thus there is a 
law Px,N on C{[0,oo), E^) such that the corresponding process is a Markov process solv- 
ing (cf. |CG08al Lemma 3.12(ii)]) the martingale problem for the L'^(ii^^; /iA,Af)-closure 
{Lx,n,D{Lx,n)) of the generator {Lx,n,C^{Ex)), given by 

(4.1) Lx,N = - KvV^ + vV^ - (V1'A,7v)V^. 

Here nx,N, the invariant initial distribution of the process, is given by 

^ J A 

where ^ is a Borel subset of E^ and Z is a normalization constant. So, Hx,N is the 
canonical Gibbs measure corresponding to ^'a.at- We do not claim {Lx^n, D{Lx^n)) to be 
essentially maximal dissipative nor do we need such a property in the sequel. 

We do essentially not distinguish E^ and x M"^^: An element {xi,vi, • • • ,xn,vn) of 
E^ we sometimes denote by (x,u), x = (xi,--- ,xn), v = (fi,--- ,vn). A^,, V^, denote 
the Laplacian and the gradient resp. in f-direction, v denotes multiplication by the vector 
V, vVv := J2iLi ViVvi etc. 

For later use we prove a lemma concerning the domain of Lx,n- We do not claim that it 
is stated in maximal generality, in particular as far as it concerns the first assertion. 

Lemma 4.5. (i) Let f G C{E^) be such that it possesses continuous partial deriva- 
tives up to order 2 in all v- directions and continuous partial derivatives of order 1 
in all x-directions. Assume moreover that f and all mentioned partial derivatives 
are bounded in absolute value by a multiple of {x, v) ^ {1 -\- |f |)*^ for some A; G N. 
Then f G D{Lx,n) and Lx^Nf is given as in J^. j[ ). 
(ii) Let f : M^\Dx,N where Dx,n :={(xi,--- ,xn) e Mj^\3i,j e {!,- ■ ■ ,N}: 

Xi = Xj,i 7^ j}. Assume that f is once continuously dijferentiable and that 
f:^xf S L^(M^; e~^*^'^(ix). Then when f is considered as a function on E^ 
which is constant in v-directions, it holds f G D{Lx^n) 0''^d Lx^Nf is given as in 
(O, i.e. Lx^Nf = vVxf- 

Proof, (i): First assume that / has compact support. Approximate / uniformly by Cq°- 
functions fk, k £ N, such that also the mentioned partial derivatives of / are uniformly 
approximated by the respective partial derivatives of /fc. (Take, for example, convolutions 
with a suitable approximate identity.) Then one obtains L^ convergence of /„ to / and 
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also L^-convergence of Lx^Nfk towards ^A^,/ — KyV^f + vVxf — (V^'A,Ar)V^/. (Note that 
all partial derivatives of ^'a.at are square integrable w.r.t. fix^N-) This proves the assertion 
for compactly supported /. 

For the general case in (i) we do another approximation of / by multiplying / with smooth 
compactly supported functions r]k ■ — > M, /c G N, which fulfill l||.[<fc}(?;) < r)k{x,v) < 
l{|.|<fc+2}('y), {x,v) G , and are such that their first and second partial derivatives are 
bounded in absolute value by 1. 

(ii): For functions / having compact support in the open set \ Da^n = {x £ 

M^\"^ x,n{x) < 00} the assertion is implied by (i). When / is bounded, one can do 
an approximation as follows: Let Xfc ^ ^ [0, 1], A; € N, be smooth functions such that 
Xkit) = 1 for all t G [-k, k], Xk{t) = for all t £ M\ [-k-2, k + 2] and the first derivative of 
Xk is bounded in absolute value by 1. Define fk : — > M by fk{x) := f {x){xk°'^ \,n){x) , 
X G . Then — > / as /c ^ 00 in L'^{E^; fJ,x,N) and 

'L^fk = vV,Jk = {Xk o 'i'x,N)vVxf + {vVx^x,N){x'k ° ^A,7v)/ ^ vV^f 

as A; —> 00 in L?{E^] I^\,n)- Here we again used the fact that V^'A,Ar G L'^{E^; ^ix,n)- 
Finally we consider the case where / is unbounded. Choose another sequence of smooth 
functions k^. : M — > M, A; G N, such that Kfc(t) = t for all t G [— fe, k], Kk is increasing with 
derivative bounded by 1 and is constant on M \ [— /c — 1, /c + 1]. Define fk '■= Hk ° f ■ 
Then — > / as A: ^ 00 in L'^{E^; fix,N) and 

Lx,Nfk = (4 o f)vVxf vVxf 
in L?'{E^] MA,Af) as A; — > cxD, so the assertion is shown. □ 

In order to simplify notation, in the sequel we do not distinguish Mx and Aa as well 
as Ex and Aa x W^. Moreover, since confusion would not be dangerous, we do not use 
different notations for A^ and the set \ Dx^n- (The diagonal -Da, TV) defined in Lemma 
14.5( 11). is not hit Px.Af-a.s. and hence may be omitted). 

We consider the mapping per;^ ^ : E^ — > V" defined by 

per;^^^(rEi, ■■■ ,vn) ■= |J {{xi + 2Xr,vi), ■■■ , {xn + 2Ar,t;Ar)}. 

Furthermore, we define the mapping per®'^'"^'' : C{[0,oo), E^) —>■ C([0, oo),r^) by as- 
signing to a path i{xi{t), ■ ■ ■ ,VNit)))t>o the path (per;^^^(xi(t), • • • , I'Af (*)))^>o of images 
w.r.t. per^^jy. 

Both mappings are well-defined except on the diagonal (which is negligible w.r.t. both 
^A,Af and Px,n) and measurable. We set ^('^'^^ := fj,x,N ° P^^x]v define P^^'^^ ■= 

Px. ,N ° (^P^^A.Af' ^) • These probability laws are the starting point for the construction 
of an infinite particle Langevin dynamics as a weak limit. 

Sometimes we also use the mappings sym^ ^ : E^ —>■ F", defined by sym;^ Ni^i: ' ' ' ^ '^n) '■= 
{{xi,vi), • • • , {xn,vn)}- This is done for technical reasons: The measures fi^^'^^ are not 
locally absolutely continuous w.r.t. Lebesgue-Poisson measure and in particular do not 
fulfill a Ruelle bound. Therefore, in order to apply the results from Section 13.41 we have 
to use fj,x,N ° sym^^ instead. 

Remark 4.6. Note that one at best faces some technical difficulties trying a construction 
by dynamics given through Px,n° \^y^t^N°°i ' 'where one defines sym^^'""-* analogously 
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to per^ ^' . The paths corresponding to these laws are not even right continuous. In 
contrast, the laws P^^'-^^ describe diffusions. 

4.3. Tightness. In this section we prove, under the conditions and using the notations of 
Section [^^21 tightness of any sequence {P^^"'^"-^)n£n such that Xn \ oo and ^^^"^^ P ^ 
[0, oo) as n — > oo. In the sequel we abbreviate subscripts Xn,^n by n, i.e. Pn ■= P\n,N„, 
sym„ := sym^^^ etc. Paths in C([0, oo), T'') will below always be denoted by {'yt)t>o- 
Clearly, we may assume that Ai is large enough for Theorem 13.151 (and Corollary I3.17P to 
apply. 

Tightness of the sequence of distributions o 7t"^(= /i^")), t > 0, is seen from Remark 
13.271 and Lemma TS.lOl fii). So we go on by estimating moments of d^''^'^{'yt,^s), t,s > 0, 
with d*''^''* as defined in Section [2l We follow an idea from |HS78j and use semimartingale 
decompositions of the summands contained in (i*'"''^(7t, 7^). Before we do so, we need 
some preparations. 

The following lemma might also be stated more generally. However, we restrict to what 
we are about to use later. 

Lemma 4.7. Let / : R"' x M'^ ^ M have bounded spatial support and being once con- 
tinuously differentiable in the x-directions and twice continuously differentiable in the 
v-directions. Assume moreover that all these derivatives are bounded, f itself may be 
unbounded. Set F := (/, •) = Kf. 

Then F o per^ is an element of the domain D{Ln) and it holds 

sup^„(|L„(Foper„)p) < 00 

n 

Proof. We may w.l.o.g. assume that the spatial support of / is contained in an open 
cube of side length less than 2Ai. (Otherwise we use an appropriate partition of unity 
corresponding to a suitable locally finite open cover of to decompose / (cf. the proof of 
14.101 below).) Moreover, we may w.l.o.g. assume that the spatial support of / is relatively 
compact in (— Ai,Ai)'^, since -L„ commutes with simultaneous spatial translations of all 
particles in (the manifold) and /i„ is invariant w.r.t. these translations. So we may 
replace per„ by sym„. 

The first assertion is seen from Lemma l4.5f i). (Note that f{x,v), {x,v) G M'^ x M"^ grows 
at most linearly as \v\ 00.) 

It holds for n e N 

Ln{F o sym„) = Kgi o sym„ - Kg2 o sym„, 
where 51 : Fi ^ M is given by gi{{{x,v)}) := ^A^f{x,v) - KvVvf{x,v) +vVxf{x,v) and 

<7^ : Fa ^ M is given by gl^i{ix,v), {x' ,v')}) := V0a„(^ - x')iVJ{x,v) - VJix',v')), 
{x,v),{x',v') e Ex„. 

Let us first prove 

(4.2) sup^„(|Kfi(i o sym„p) < 00. 

n 

Since gi has (seen as a function defined on X R'^) bounded spatial support and there 
exists C > such that \gi{x,v)\ < C\v\ for ah {x,v) e R'^ x R'^, it follows g G LP(Fo;A'') 
for each p € [1,cxd). So the improved Ruelle bound (Corollarv l3.17|) . Proposition 13.211 and 
Remark imply 
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Concerning §2 we have that for n G N 



iK\9^\i-)f < sup \V.f{x,v)\l |K52(pr.-)l' 

y(a;,j;)gR<*xR<* J 

where g^{x,x') := \V4>x„{x - x')|2(lsupp,(/)(a;) + lsupp,(/) (a^O). x,x' G Aa„, | • I2 denotes 
Euchdan norm and supp^ denotes the spatial support of /. So we are left to estimate 
/i„(|i^52 ° syni„p). By Proposition 13.211 and using the improved Ruelle bound (|3.12p of 
the fin ° sym"-*^ we have to prove that for any M £ {2, • • • ,6} and any A, B, C, D, E, F G 
{1, • • • , M} such that A ^ B, C ^ D, E ^ F and {A, B, C, D, E,F} = {I,-- - , M}, it 
holds 



sup 

n J A 



I V0A„ {xa-xb)\2\ V<^a„ ixc-XD)\2\ V<^A„ (x£ - x^) 1 2 inf e"'^ 

l<i<M 

lsupp,(/)(2;A)lsupp,{/)(2;c)lsupp,{/)(a;i?) dxi--- dxM < oo 
which by uniform boundedness of the (^a„ from below we may replace by 

(4.3) sup / c{xa,xb)c{xc,xd)c{xe,xf) 

n Jam 

1supp,(/)(2;a)1supp,{/)(2;c)1supp,(/)(2;£;) dxi ■ ■ ■ dxM < oo 
with c(x,x') := |V<^A„(a; - x')|2e"3^^"(^"^'), x,x' G Aa„. 

To prove (14. 3p . we integrate successively over all xy with Y G \ {A,C,E}. 

The integration yields finite values bounded independently of n even if Y appears more 
than once in the tupel {A, ■ ■ ■ ,F) due to Lemma 14.41 and Holder inequality. We continue 
to integrate over the remaining variables until there is no V0A„-term left. For every 
variable which then remains (there is at least one), there is a lsupp^(/) l^ft. It follows 
supn fJ'n{\Kg2 o sym„p) < oo and together with ()4.2p the assertion is shown. □ 

A much simpler case than in Lemma 14.71 is considered in the following corollary. (Note 
that the first estimate is immediate.) 

Corollary 4.8. Let f : M*^ x M*^ be continuous and continuously dijjerentiable in the v- 
directions such that all the derivatives are bounded, whereas f may be unbounded. Then it 
holds 

sup^„(|V^,(K/oper„)|^) < sup;U„(|V^(i^/ o per„)|f) < oo 

n n 

where | • |i denotes norm defined by \{yi, - ■ ■ ,yi)\ := Yl'^j=i IVjl f^''^ {Vir " -.Vl) £ I^'; I £ 

Remark 4.9. For A; G N consider Xk defined as in Section [2] such that a is twice contin- 
uously differentiable and Vt,a, A^a are bounded (and, as before, a{v) ^ oo as \v\ — > oo. 
Then Lemma 14.71 and Corollary 14.81 apply to / = Xfe • 

If a function / is only dependent on x-coordinates, Ln{Kf o per„) does not contain 
V0A„) n G N. This enables us to deal also with a function S^'^'', defined as in Section [2j 

Lemma 4.10. Let $ be as in Lemma \3.6\ (corresponding to the potential (/)) and assume 
(w.l.o.g.) that $(r) = /or r > Ai/4. Let /c G N. It holds S^'^/^^^'^ o per„ G D{Ln) and 



sup 



;U„(|L„(5'35/6-^^-operJ|)<oo. 
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Proof. We first note that 5'^*/6.'^fc jg the i^-transform of 5 : r2 ^ M, given by g{{x, x'}) := 
/^A:(x)/lfc(x')e^*(^-^')/^ x,x' G M"^. g{{x,x'}) is equal to hk{x)hk{x'), when |x-x'| > Ai/4. 
We choose a locally finite open cover lA of such that any A ^ U has diameter < Ai/4 
and we choose a corresponding partition of unity {rjA)Aeu consisting of C^-functions. 
Using this partition (and noting that hk has compact support) we see that we may replace 
5/35/6,fcfc KgAi,A2, where ^M.Aa : Ta ^ M is defined by 

<7A„A.({x,x'}):=ef*(l---'l)' 



(4.4) 

for Ai, A2 E U, where V^Aj/a • 



x,x £ 



We first consider the case where dist(Ai, A2) < Ai/4, where dist denotes the | • [-distance 
of subsets of R'^. We may assume that A := Ai U A2 is relatively compact in (— Ai, Ai) 
and replace per„ by sym„ using spatial translations in Ex^ as in the proof of Lemma 14.71 
above. By Lemma IT^ ii) we have that {Kg Ai,A2 °sym„) G D{Ln), n G N. For 1 < i < Nn 
and (x, v) £ E^^ we make the following estimate. 

|Vx,(i^fi'Ai,A2 o symj{x,v)\ 



Vx, j;et*il-«-.IVA(^i)v'A(x,) 



^A{Xj) ( -<^'{\Xi-Xj\ 



7^A{Xi) + VipA{Xi) 



'i-Aixi) + ClA{xi 



for some C < 00. Since $'e is bounded and $ > the r.h.s. is estimated by 

U{\x,-x,\) 



'lA{Xi)lA{xj) 



for some C" < 00 and thus 

|i;(5i*'^^osymJ(x,t;)| < (b.|i + kjli)e^*^'"'""^'^lA(x.)lA(x,-). 

{ij}C{l,-,Af} 

Using Proposition 13.211 we find that we only have to prove that for all M S {2, • • • ,6}, 
A, B, C,D,E,F G {I,--- , M}, {A,- ■ ■ , F} = {!,- ■ ■ , M}, A ^ B, C ^ D, E ^ F the 
expression 

/ c{xA,XB)c{xc,XD)c{xE,XF)e~^'^^'<:>'^^"'^'''~''^^ dxi ■ ■■dxM 
Jam 

is bounded independently of n, where c{x^x') = e3*(l^~^ 1a (a;) 1a (a;')) a;,x' G M*^. But 
since the integrand is bounded by the properties $ and the uniform boundedness from 
below of 0A„) ^^ G N, the above integral is estimated by D max{vol(A)^, vol(A)^} for some 
D <oo. 

Now assume that dist(Ai, A2) > Ai/4 in (Ol) . In this case $(|x - x'\) = for x € Ai, 
x' G A2, so we have gAi,A2{{x,x'}) = ^Ai{x)lpa2{x'), x,x' G M'^. Using periodicity of the 
image configurations w.r.t. per„ and spatial shifts in Ex^ we may assume that Ai and 
A2 are relatively compact in (— Ai,Ai)'^, so per„ may be replaced by sym„ and the case 
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dist(Ai, A2) > Ai/4 is reduced to a (trivial) special case (<I> = 0) of the one we treated 
above. □ 

Now we arrive at the concluding tightness estimate. The expectation w.r.t. n G 

N, we denote by E^'^'> and in the sequel we also use similar notations for expectations 
w.r.t. other probability laws. 

Lemma 4.11. Let <I> he chosen as in Lemma \4.1(J\ and a be chosen as in Remark 4^.9. For 
each T > there is a constant C > such that for 0<s<t<T<oo it holds 



sup 



<C{t-sf'\ 



when fk, gk, and qt in the definition of dn'^'^''^ are chosen in a suitable way (see the 
proof below). 

Proof. It holds by the Minkowski inequality and the fact that < r for r > 

1/3 



(4.5) 



\lUls) 



<Y^2-^ [\Kfu{lt)-Kfu{is)\ 

k=l 

00 



1/3 



k=l 
00 



k=l 

00 / 



\[Kxk){lt)-{KxK){ls)\- 



1/3 



1/3 



fc=l 



S%'^Mu o pr^(7i) - 56'^''^^'= o pr^(7s) 



1/3 



Concerning the first three summands on the r.h.s. we need to estimate 



(4.6) 



\Kf(nt)-Kf(ci,)\^ 



for / as in Lemma 14.71 It suffices to prove that this expression is bounded by (t — 
s)3/2C(/)Z)(r) where C(/) is a constant depending only on / and D(T) depends only on T. 
Then by replacing fk by ^J^^/a and gk by c{gi^Y/i setting := min{C(xfc)"^/^, 1}, 
G N, in the definition of the metric the first three summands in ()4.5|) are convergent and 
less or equal than (i - sY/'^D{TY/'^ . 
So let / be as in Lemma ITTl It holds 



\Kf{-it)-Kf{-is 



En 



\{Kf) o per„(Xj, Vt) - (Kf) o per„(X„ Vs[ 



It holds Kf o per„ £ D{L n). Since Pn solves the martingale problem for we find that 

^[K/oper„],n _ ^ perjX^, Vt) - Kf o perjXo, Vo) - f^iKf o perJ(X„ K) dr, 

Jo 

t > 0, defines a P„-martingale. By |CG08al Remark 3.13] the quadratic variation pro- 
cess of (M; 



[Kfoper„],n^ 



t>o is given by I ^\Vy{K f o -peiJ\l{Xr,Vr) dr\ , where | • I2 
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denotes Euclidean norm. Using the Burkholder-Davies-Gundy inequality and the Holder 
inequality, we find 

3/2" 



Er, 



Ml 



[KfopeT:„],n 



[i^/opor„],n 



2k 

J 



V,iKfoperJ\i{Xr,Vr)dr 



< 



which can be estimated using Corollary 



E„ 



Ln{Kf o per„)(Xr, Vr) dr 



j) (t-.)='/Vn(|V.(i^/operJ|i), 
Moreover, it holds by Holder inequality 
<(t-s)Vn(|i;(i^/operJ|3) 



s)3/Vn(|^„(i^/operJ|= 



This can be estimated using Lemma 14.71 Altogether we have independently of n an 
estimate of gSD by (1 + T^/^fC{f){t - sf/'^ for some constant C{f), concluding the 
consideration of the first three summands in (14.51) . 



Concerning the fourth summand we first note that (denoting S's^'^'^'-'opr^ also by S'^ 



En 



(56 5''^^'= o per„)(Xi, Vt) - (56*''^^'= o per„)(X„ Vs, 



5t 



per„ is an element of D{Ln) (cf. Lemma |4.1U|) such that for the corresponding 



^ hi 

martingale it holds m]'^^ "P^^'n]-" _ q p^_a.s. for all t > 0. So 



Ery 



(^e*''^^^ oper„)(Xi,yi) - (51*'^^^^ o perJ(X„ F,; 

31 



E„ 



\Ln{S- 



< (t-s)Vn(|in(56 



^3/2„„n— r'?f5-'^^^operJ|3), 



<r3/2(t-sf/V(|L„(5t' 

which can be estimated with the help of Lemma l4.10l by T^^^Rk{t—s)^^^ for some Rk € 
Setting rfc := min{i?^ , 1} in the definition of de*'"''* we have an estimate for the fourth 
summand in (14. 5p . This completes the proof. □ 

Remark 4.12. In |GKR07j the Lyons-Zheng decomposition was used in order to obtain 
the estimate corresponding to the above lemma. At first sight, using such a decomposition 
seems to be a significant simplification of the proof given above, since one avoids having 
to estimate the bounded variation terms. Therefore, we should mention that this is not 
possible here, since we are in a non-reversible situation and the method of proving tightness 
by a forward/backward martingale decomposition depends heavily on reversibility of the 
processes (cf. jGKROTi Proof of Lemma 5.3]). 

We obtain the desired tightness result. 

Theorem 4.13. Let (j) be a symmetric pair interaction fulfilling (RP), (T), (BB), (WD) 
and (IDF). Let {Nn)n C N and {\n)n C M+ be sequences such that \n] <x) and (^"^ 

p G [0, oo) as n ^ oo. Let P^") := P„ o (per^^'''""^)"^, n G N, be defined as in Section \4-S\ 
Then the sequence (P^"^)neN is a tight sequence of probability laws on C([0, cxd), F^). 
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Proof. Using standard tightness results (cf. [ EK861 Theorem 3.8.6 and Theorem 3.8.8]) 
we obtain tightness of {P^^^)n£f>} as probability laws on D([0, oo), F"), the space of cadlag 
paths in F^. By |EK86t Exercise 3.25(c)] we find that any weak accumulation point of 
(p("'))„gN assigns full measure to the space C([0, oo), F") of continuous paths, hence by 
|EK86l Exercise 3.25(d)] the assertion follows. □ 

4.4. The martingale problem. By now we know that in the situation of Theorem 14.131 
we have at least one accumulation point P of {P^"'^)n- Let P weakly as A; ^ oo. 

Note that then also the sequence fi^"''^^ converges weakly and its weak limit fi is the 
invariant initial distribution of P. Moreover, also fj,n^ ° sym~^^ — > /i weakly as A; — > oo. In 
this section we verify that P is the law of an infinite particle Langevin dynamics. 

We first prove some preliminary technical properties of the generator L (cf. p.3|) ). We 
do not bother about the possibility of generalizing assertions in Lemma |4. 141 below to all 
n € N, since in this section we are only interested in asymptotic properties of the sequences 

(PW)„eN, (M("))n6N. 

Lemma 4.14. Let F = gF(.{{fi}f=i, ■)) G J'C^{Vs,r''). Choose no £ N such that each 
fi, i = 1, - ■ ■ ,K, has support in (— A„o, Xno)'^ x M'^. 

(i) Let n G N. The expression LF{'j) is well-defined for fin ° sym~^-a.e. 7 G F'', 
i.e. the sums in the definition of LF converge absolutely fin ° sym~ -"^-a.s. and LF 
is fin o sym~^-a.s. independent of the version one chooses for Vcp. Moreover, it 

holds SUPnm ll^-^lliiCr^MnOsym-l) < 

(a) Let n > nQ. Then LF is well-defined fi^'^^-a.e. and supn>no ll-^-^llLi{r''-^t(")) < °^ 
with the restriction that the versions for V0 have to be chosoen in a way such 
that Y^^^id V(/>(2A„r) = for all n G N. 
(Hi) With the restriction from (ii), for any n > uq, t>0 the integral Jq LF{'yr) dr is 
well-defined P^'^^-a.s. 

(iv) If P is the weak limit of a sequence (P*-"^)nGN o,s above, then (i) holds with fi^^^ 
replaced by fi and (Hi) holds with P*-"^ replaced by P. 

Remark 4.15. The restriction in Lemma l4.14r ii) means that the forces acting between 
a particle and its periodic copies sum up to 0, which is a quite natural assumption. Note 
that it is not an additional assumption on (f). It is only introduced for technical reasons 
(cf. (j4.9p below) and it can be dropped when only considering the limiting process, as one 
sees in (the proof of) Lemma l4. 14( iv) . 

Proof. LF consists (except of multiplication by bounded continuous partial derivatives 
of gp) of two types of sums. The first (e.g. (A„/j, ■)) are iC-transforms of functions in 
Vg. By Lemma 13.201 and the uniform Ruelle bound the assertion is easily shown for 
these sums. We concentrate on the second type of sums, which are X-transforms of 
functions 51 : Fg ^ M of the form ^({(x, v), {x' ,v')}) = V(j){x — x')(Vvf{x., v)— V„(/(x', v')), 
{x,v), {x',v') G M*^ X W^, with / G Vg. Let us prove that g G Li(F^; TidA^) with h as in 
Remark 13.281 (here we identify h and h o pr^). It holds 

(4.7) / |ff({(x,^;),(x',^;')})|e-(^/2)(.2+.'^)g-M.-x')^^^^/^„^^/ 

< 2|| |V,/|i lloo I |V0(x - x')|e-^^("-^')l,,pp ^f){x)dxdx' 

< 2|| |V^/|i ||ooVol(supp^(/))||V</>||^i(]jd.^_^^^^j. 
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The proof of (i) and of the first assertion of (iv) are now completed by Lemma 13.20^ the 
improved Ruelle bound, (WD) and the properties of (p (cf- Remark 13. 28p . 

Let us now prove (ii). Let n > uq. Due to the condition (IDF) and the Lebesgue- 
a.e. boundedness of X^reZ'* ^(■ + ^'^'') (cf. the proof of Lemma l4.2( ii)). hence inA2A„, 

the sum 

Erez-i^^Pi- + 2Ar) defining V(^a„ (as element of L1(A2a„; e-<^^"dx)) converges 
Lebesgue-a.e. Any version of V(/> uniquely determines by this sum a corresponding version 
of Vcpx^ , when we set V(j)x^ equal to where it does not converge. Fixing a version of V</) 
we define for 7 E F'' 



K 

K 



hn)ni) ■■= E ^dA'9F{{{h]f=in)mvh){v.fv),i) 
i,i'=i ^ 



hi 



E ^kSx-x'){'^vfi{x,v)-yji{x',v'))\ 

{{x,v),{x' ,v')}(l^ / 

We prove o sym~^-a.s. absolute convergence of the sums occurring in this definition 
(including the summation defining V0a„), which reduces to prove that Qn G L^{T2'i hdX) 
ioi Qn : F2 ^Moftheform5r„({x,x'}) = Z^^.r'ezd l^'A(a;-2A„r'-2;' + A„r)|2(lsupp^(/)(a; + 
2A„r) + lsupp,(/)(2;' + 2A„r')), x,x' e Aa„, with / e Vg, supp3(/) C Aa„^. Note that the 
summands are equal to whenever r ^ Q ^ r' . We make the following estimate, using the 
abbreviation |V(^|a„ := ZlreZ'* W'i>{- + 2A„r)|: 

(4.8) / El^'^(^ + 2^-^-^')|lsupp,(/)(x')e-^^("-"')dxdx' 

< VOl(supp,(/)) Y^^\xALHK^„;e-mx) + I ^'^1 An IIlMAa„+AAa„ 

< vol(supp,(/))(^||V(/>||^i(^^^.^_^^^^) +D||V0||ii(Kd\A^^;d^.) 

+2'^IIIWlAjlLi(A,„\A,_,;d.)), 

< vol(supp^(/))(||V0||^i(]grf.^_^^^^) +D||V</)||ii(Kd\A^^.rf^) 
+2'^D||V,/)||ii(iR.\A^_^.^,)). 



Here < (5 < A„q shall be such that suppg(/j) C {—6,5Y, I < i < K, and D := 
sup^g]jd e~^'^^^\ Note that (14. 8p yields an estimate which is independent of n > uq. In 
fact, the last two summands on the r.h.s. tend to as n ^ oo. By the integrability 
assumption in (WD), by Lemma 13.201 the improved Ruelle bound and the properties of 
(p we now have shown that (i) holds with L replaced by Due to the //n-a-s. absolute 
convergence of the sums in the definition of Lf^^)^ we may change the order of summation. 
Using a version of V0 as specified in (ii), we obtain that 

(4.9) L,^n)F ° sym„ = LF o per„ //^-a.s. 



Hence (ii) follows. 
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(iii) follows from Fubini's theorem, (ii) and the fact that 

r|L^(7r)|dr<t||LF||^i(r..^,„)). 

The second assertion of (iv) follows in the same mannner from the first assertion. □ 

From the above proof we can conclude the following uniform approximation result. 

Lemma 4.16. Let F be as in Lemma \4-14\ Then there exists a sequence {Hi)i(^^ of 
hounded continuous cylinder functions : F^ — > M ( cf. Section \3.4\) such that 



lim limsup \\Hi - i^|lii(rf ;^("fc)) = 
and Hi — > LF as I ^ oo in L^{T'"; fi). 

Proof. When is replaced by fin^ ° sym~^^, the assertion is a consequence of Lemma 

I3.25l fii) (cf. Remark |3.28|) and the proof of Lemma [4.141 (in particular (|4.7|) ). Let {Hi)i^fq 
be a corresponding sequence of bounded continuous cylinder functions. 
Fix / E N and let no G N be as in the proof of Lemma 14.141 Choose feo large enough such 
that n^,, > 71-0 and such that Hi depends only on the configuration in ^x^^ for k > ko. By 
K9\i it holds for k > ko 

< \\Hi - ^i^|lii(r.;;,„^osym-^i) + 11^^ - -^K)^llLi{r";M„,osym-^i)- 

So, we are left to prove that limfc_^oo IlLF — L(„,)F\\.i,-^y,^ = 0. This reduces to 

proving that lim„_oo ll-f^5'llLi(r-;,„osym-i) = for g„ : F^ ^ M of the form 

gn{{{x, v), {x', v')}) := {V^ - V0aJ(x - x'){V,f{x, v) - V,/(x', v')), 

{x,v),{x',v') G EI^, with / e Vs, supp(/) C [6,6)'^ for some < 6 < A„(,. Applying 
Lemma l3 . 20 1 and the improved Ruelle bound we find that it suffices to verify that with cj) 
as in Remark 13.281 it holds 

For k > ko it holds 

< \\V<P - ^kjLiiA.^-e-P^dx) + ll^'^llLi(A,„+AAA„;e-^^dx) 

< 2D\\Vct>\\L^^R'i\A^^;dx) + '2'^D\\V(l)\\LHR'i\A^^^_s;dx), 

where D := sup^g^d e''^^^^). (fiTn]) follows, since Vcp £ L^{W^;e-'^'f'dx) implies V0 G 
L^({|x| > a}; dx) for any a > due to boundedness of (j) in {|x| > a}. □ 



The laws n G N, behave nicely w.r.t. the operator L restricted to functions F = 

gpiifir),- ■ ■ AIk,-)) G J='C^{'Ds,T'") depending only on the particles in Aa„: We find 
that mI^^ := F{-ft) - F{-fo) - fQLF{jr)dr, t > 0, defines a martingale w.r.t. p("). To 
see this, first note that for such F we have by (j4.9p that LF o per„ = Ln{F o sym^) holds 
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//„-a.s. We obtain for any < s < t and any bounded function G : C([0, oo),r^) 
which is o"(7r. : < r < s)-measurable 



G (^F{-ft) - F(7,) - ^ LF(7,,) dr 

G o per^[0'°°) ( F o symjX^, 14) - F o symjX,, F,; 



L„(F o sym„)(Xr, K-) (ir 

which is equal to due to the fact that P„ solves the martingale problem for (L„, Z)(L„)). 
We arrive at the result completing the construction. 

Theorem 4.17. Assumptions as in Theorem \4.13[ Let P be an accumulation point of the 
sequence Then P solves the martingale problem for (L,!FC^{'Ds,T'")). 

Proof. Let P weakly as A; — > cxd and denote the weak limit of {fi^'^''^)k£n by /i. 

Let F = 9F{{{fi}f=i, •)) e J'C^{Vs,r''). Then there exists /cq G N such that (-A„,, AnJ'^ 
contains the support of all /j, 1 = 1, • • • ,K, for all k > kQ. We have to prove that for any 
< s < t < oo and for any £7(7^ : < r < s)-measurable G : C([0, 00), F'') — > M being 
bounded and continuous it holds 



E 



0, 



where (M]f^)f/>o is as defined above. We already know that (M^f )f/>o is a martingale 

w.r.t. P("fe), A: > ko. Hence we are left to prove that F("'=)[GmF'] E[GmI^'^] as A: ^ 00 
for r G {t, s}. Due to the fact that G and F are continuous and bounded, this reduces to 
proving 
(4.11) 



G LF{jr')dr' E G LF{jr')dr' 

Jo J L ^0 



as A: ^ cxD for each r G {t, s}. 



Choosing {Hi)i:>q according to Lemma 14.161 we find that for any r' > 0, / G N and k > kQ 
it holds 

\E^-^)[GLFijr')]-E[GLFijr')]\ 

< |f(-^)[G(LF(7.0 - HiM)]\ + lE^^'^iGHiM] - E[GHiM]\ 

+ \E[G{LF{jr') - Hi{jr'))]\ 

< Halloo [\\LF - -f^/|lii(r«>;^("fe)) + 11-^^-^ - HiWi^-pv.^) 

+ \E^^^^[GHii-fr')]- E[GHiM]l 

where we used the fact that the one-dimensional distributions of P^'^i^\ P are given by 
respectively. Hence by continuity and boundedness of G and Hi and by weak 
convergence of P^^fe) towards P 

limsup E^'"='^[GLF{-fr')] - E[GLF{-fr')] 



fe— >oo 



< ||G||oo ( limsup \\LF - -f^d I Li(r" + 11-^-^ " ^/llLi(r";M) ) ' 
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which by Lemma [4 . 1 6 1 can be made arbitrarily smah by choosing I large. E^"'^ [GLF^jr')] is 
bounded uniformly in r' G [0, oo) by ||G||oo ||-^^-^||2,i(r»'-^{")) which is bounded uniformly in 
n ^ iT'/.g due to Lemma [4.14r ii). Hence ()4.1ip follows by Lebesgue's dominated convergence 
theorem. □ 

Remark 4.18. The results from Section [3.41 which we used to prove Theorem 14.171 also 
generalize some of the results in jGKROTj . In the differentiability assumption (D) given 
there we replace continuous differentiability of the potential (f> on 'K'^ \ {0} by weak dif- 
ferentiability and continuity. (Moreover, the assumption on <I> in (D) can be dropped, 
cf. Lemma 13.11 above.) Then the existence of the approximating dynamics (cf. |GKR07| 
Theorem 4.1] and [FG04j ) is still ensured. Moreover, the tightness result ^GKROTl The- 
orem 5.1] does not depend on continuous differentiability of (p. We do not consider the 
question whether the results of [GKR07[ Section 5.2] are still valid, but focus on the mar- 
tingale problem |GKR07| Theorem 5.10]. 

Since the invariant initial distributions G N, of the approximating dynamics p(^) 

in |GKR07j fulfill a uniform improved Ruelle bound, this bound extends to the invariant 
distribution // of any weak accumulation point P by Lemma l3.25f i). This can be used to 
prove well-definedness of the expressions in [GKROTj (5. 19), (5. 20)] a.s. w.r.t. the 
resp. P^^\P similarly to Lemma |4. 14f i) . (iii) . fiv) . Moreover, we also obtain an approxi- 
mation of elements -ff^F, F G JFC^(P, T), of the range of the generator (ff^, J^C^(V, T)) 
(cf. |GKR07[ (5.19)]) by bounded continuous cylinder functions in L^{T; /i*^^-') uniformly in 
A'^ and in L^{T; fi) (using Lemma [3.25f ii)). This replaces the only argument in the proof of 
|GKR07| Theorem 5.10] making use of the continuity of the derivatives of (cf. [GKR07[ 
p. 150]). Finally, note that also [GKR07[ Theorem 6.1] is valid in the new setting. 

5. The initial configuration 

Consider the situation of Theorems 14. l3l 14. 171 We now focus on the initial distribution 
of the process constructed there. We already saw in Remark l3. 271 that it is an accumulation 
point of the sequence (/i„ o sym~^)„gN or, which is equivalent, of the sequence (/u„ o 
per~^)„gpj. Our aim is to prove that /u is a tempered grand canonical Gibbs measure 
(cf. |Geo951 p. 1348] for the definition). In order to do so, we adapt considerations from 
|Geo95j on the equivalence of the microcanonical and the grand canonical ensemble in 
order to extend some results obtained there to the canonical ensemble. We use results and 
notations from |GZ93] . |Geo94j and |Geo95j in order to do so. As in jGeo95| we restrict 
to the case where = n -|- ^, n G N. 

Let V be the space of probability measures P on having finite density and kinetic 
energy density, i.e. /p„ Yl{x v)e'rnc(^ + 1^1^) d-P{l) < oo, where C := [0, l]'^ x M'^. Denote by 
Ve C V the subset of probability measures which are invariant w.r.t. spatial translations 
'&a{l) := 7 — (a, 0), 7 G F'', a G W^. The set of tame cylinder functions F, i.e. functions 
F ■.T'" ^M. such that there exist A C M'' and C < oo with ^(7) = ^(7 n (A x W^)) and 
|i^(7)l < C' + C'E(x,i,)G7n(AxR'*)(l + bl)' 7 G r^, is denoted by C. On Pg the topology tc 
is defined as the weakest topology such that all mappings P ^ P{F) = Jp„ F dP, F £ C, 
are continuous. This topology is finer than the weak topology on the space of probability 
measures on F^. 

We now state the result which is shown in the course of this section. 

Theorem 5.1. Let a symmetric measurable function </> : M'^ ^ M U {00} fulfilling (RP), 
(T), (BB) as given in Section [Ol Let A„ := n -|- i, n G N, and {Nn)neN C N be such 
that (2^")d ~^ P ^ (0,00) as n ^ 00. Define ^u'"] := /x„ o sym„ with /i„ := fJ.\,^^N„ ^.i^d 
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sym^ := sym;^^^^^ as defined in Section \4.2\ Then (;u["])„gf^ is relatively compact w.r.t. tc 
and any accumulation point is a grand canonical Gibbs measure. 

Remark 5.2. The conditions (RP), (T), (BB) imply conditions (Al) and the non-hard- 
core version of (A2) from |Geo95j . The proof given below works for the latter conditions. 
We exclude the case of hard-core potentials for convenience and since it is not treated in 
the preceding sections of this article. 

The proof of the above theorem mainly follows the lines of arguments in |Geo95) . in 
particular the beginning of [Geo95i Section 6]. However, there are some modifications to 
be made which can only be explained in the presence of some details. Note that here we 
only deal with the case of periodic boundary condition (this simplifies the considerations). 

We introduce some more notations from [Geo95] . By p : Ve ^ [0,oo) we denote the 
r£-continuous function assigning to each P G Ve its average particle density p{P) := 
/p„ tt(7nC) dP{j). C/pot : Ve MU{(X)} denotes the mean potential energy, which is given 

by 

UMP) ■•= I E - dPii)- 

^ {^,^'}C(pr,7)nA;,„ 

The mean kinetic energy C/kin : "Pg ^ M is defined by 



kin 



{x,v)£{'YnC) 



Both functions C/pot, f^kin are measure affine and lower semicontinuous w.r.t. tc (cf. |Geo95t 
p. 1349] and also (Ge^). Set U := U^n + C/pot- 

Moreover, we need to make use of the mean entropy 5 : Vg MU{— oo}, which is an 
upper semicontinuous measure affine function and such that for c G M, e > the sets 

{PeVe: >c,C/kin(P) <e} 

are compact and sequentially compact w.r.t. T£ (cf. |Geo951 p. 1349 and Lemma 4.2]). 

We also need to consider entropy functionals Ip : Ve ^ [0, cxd]. They are defined by 

Ip{P) := lim„^oo ^^g^> where Pn := Po(prXJ-\ := Q^o(prXJ-i and denotes 

the Poisson point random field with intensity measure dxe-f^^^/^dv (cf. |(;eo95[ Section 4], 
also for the definition of /(•,•), which denotes relative entropy). We will sometimes make 
use of the identity ( [Geo95 , (4.3)]) 

(5.1) S{P) = -Ip{P) + min{P) + c{/3) 



for PeVe- Here c(/3) = • So, S{P) < oo for all P^Vg. 

In |Geo951 Theorem 3.2] it is shown that the function 

s{p',e) : = sup{S{P)\P G Ve,U{P) < e,p{P) = p'} 

= sup{5(P)|P G Ve,U{P) = e,p{P) = p'}, p' > 0,e G R, 

is upper semicontinuous and concave and coincides in the convex set S = {{p',e)\e > 
^min(p')} with the thermodynamic entropy density lim^^co t^^t^, where {^Mn)n gN denotes 
a sequence of microcanonical partition functions in Aa„ with periodic boundary such that 
the densities converge towards p' and the energy densities converge towards e. Here 

Erninip') = inf{C/(P)|P G Ve,p{P) = p',S{P) > -Oo}. 

We now state a variational principle for the thermodynamic free energy density, which we 
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derive below as a direct consequence of the above mentioned corresponding result from 
|Geo95j on the thermodynamic entropy density and some considerations from |Rue69j . 

Lemma 5.3. For f3 > 0, p > 0, let the free energy f{p,(3) be defined by Pf{p,P) = 
infg^^^.^^p) (/?£ — s(/3, e)). f{p,(3) is finite and it holds 

(5.2) /3fip,(3) = - lim 1^ = M{/3U{P) - G Ve,p{P) = p}. 



where for n G N 

Z„ = -i- / e-^^^"(^i'-'^^")e- 2 ''^^n^dxi • • • dxN„ dvi--- dvN„ 

is the canonical partition function with periodic boundary condition. 

Proof. By [Geo95|. p. 1350] for e > emm(/o) it holds s{p,e) > — oo and moreover Emmip) 
is finite, so we conclude that f{p,P) < oo. Furthermore, due to |Geo95l Lemma 4.1, 
Equation (4.4)] and dSl]) the set {S{P) : P G Ve, p{P) = p,U{P) = e} is bounded from 
above by /3e + f3{B'^/4:A) + c(/3) with constants A,B as in Lemma 13.91 This implies that 
for any e > emm(p) it holds /3e — s{p,e) > —j3{B'^/4A) — c{f3), hence f{p,P) > -co. 

The arguments in |Rue691 p. 55] also work in the case of periodic boundary condition and 
including velocities, which together with |Geo95t Theorem 3.2] yields the first equality in 

To prove the second one, first note that for any P £ Vg with p{P) = p and U{P) < oo it 
holds 

PU{P) - S{P) > PU{P) - s{p, U{P)) > (3f{p,(]). 
This follows from the definition of f{p,l3), when U{P) > emin(p)- Moreover, since 
lim£|£^.^(p) s(p, e) = s{p,£ram{p)) duc to upper semicontinuity and concavity of s{-,-), 
this extends also to U{P) = £mm- For U{P) < emin(/o) it is implied by the definition of 
e^M. Thus Pf{p,(3) < inf{/3C/(P) - S{P)\P G Ve,p{P) = P,U{P) < oo}. 
To prove the converse inequality, for 5 > choose e G {£mm{p), oo) such that f3f{p, P) + 5 > 
[3e — s{p,e). By [Geo95t (3.9) and Theorem 3.2(b)] we may choose P £ Ve such that 
p{p) = p, U{P) =e such that S{P) > s{p,e)-6. Hence /?C/(P)-5(P) < p£-s{p,e) + 5 < 
f{p,(3) + 25. Since 5 may be chosen arbitrarily small, the second equality is shown. □ 

Let n G N. We define the measure //'"^ on F'" such that the configurations in (Aa„ + 
2A„r) X M'', r G Z'^ are independent and distributed as shifts of ^'"^ by 2rA„. One 
defines the translation invariant measure /x^"' as spatial average of the p^"'\ i.e. /i'"! := 
/. /iW o dx. It holds /iW G Vg, cf. |(^eo95[ (6.3)]. 

Define for 7 G the measure Rn-y ^ T^e defined by Rn^ '•= -.d [\ ^(n) dx, 

where 5. denotes Dirac measure and 7'-"') denotes the 2A„-periodic continuation of 7. (See 
|GZ93j for details on these translation invariant empirical fields) . We will below also have 
to consider the mixture p^"'^Rn '■= J^-v Rn,'ydp'^"'\j), which, on the other hand, is equal 
to ^^"^ := pn ° per^^ due to translation invariance of p^"'^ resulting from the (spatial) 
translation invariance of pn as a measure on the manifold E^" (defined in Section 14. 2|) . 
Keeping this in mind, we will nevertheless use the notation p^'^^Rn in the sequel. 
Note that by |(;;eo95[ (6.3)] it holds forn G N 

(5.3) ^kin(/i["l) = / E ^^^'''(^) = f^kin(Mt"l^n). 
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and by the definition of /i'"] this expression is equal to C{(5)j0^ for some C{j3) > not 
depending on n S N. 

The proof of Theorem 15.11 is based on the inequahty given in the following Lemma. 
Lemma 5.4. It holds for n G N 

(5.4) S(AM)>/3t/(^Mi?„) + i|^. 

d(/iWo(pr'( 

Proof. It holds = e'^", where Fn : ^ M U {ooj is defined 

by Fni'y) := (3Ux ('y) for 7 S F'i and = 00 else. These functions do not form an 
asymptotic empirical functional in the sense of [GZ93j . Nevertheless, the proof of the 
second assertion in [GZ931 Lemma 5.5] is valid for the measures fi'^"'\ /xt^^. Therefore, 
using also (15. ip and (15. 3p we find that 



= -/^(/iN) + /3C/kin(/xl"liin) + c(/5) 

- 'jdnj^^^^^^^ ° (prX,J-^Qf) +/?C/kin(/u["li?„) +c(/3) 
= (^Z^^'^' ° (prX,J-'(i^n) + /3C/ki„(/x["]ii„) + c(/3) + ^J-^log(Q^(e-^")) 
^ ./iW o (prX, rHFn) + /3C/kin(/x["]ii„) + 777^ log 



By |Geo941 (2.16)] and since C/pot is measure affine it holds 

^^^N o (prX,J-^(F„) = /3/.W(t/p„,(i?„J) = /3[/p„,(^Ni?„). 
This completes the proof. □ 



Since /i^ = C{P)j^^, n G N, the kinetic energy density of all /it"' is bounded. Therefore, 
boundedness of C/pot from below (by —B'^/AA) together with convergence of ^°2\^^<i ^ 

n ^ 00 (cf. Lemma r5.3p imply that (^(/i'"'))^^^ is bounded from below. This together with 
the boundedness of the kinetic energy implies relative compactness of the sequence (/i'"! )„ 
(see the properties of S mentioned above). The following lemma shows that asymptotically 
one can treat /i'"^, /it""' and //["'li?^, n G N, as equal. 

Lemma 5.5. The sequences (//t"'l)„, (/i^"')n and {ij}-'^^Rn)n ire asymptotically equivalent, 
i.e. for any two of them, say {vi)n-, (1^2 '^'^'^ f G C it holds lim„^oo Wi{f)~'^2(.f)\ — 
0. In particular, convergence of {fi^"'''^)km to some fi G Vg w.r.t. tc implies that also 
limfc^oo = limfc^oo/w["'^li?nfe = Z^- 

Proof. This is shown as in the proof of [GeoDSj Lemma 6.2]: The asymptotic equivalence of 
/it"! and fJ.^^'^Rn is clear. For the second asymptotic equivalence note that sup^ IpiP'"') < 00 
by (j5.4p . (|5.ip and (j5.3p . so [ GZ931 Lemma 5.7] can be applied. For convenience of the 
reader we remark that to apply the mentioned lemma a function ip : M.'^ M, defined 
as function of velocities, has to be chosen appropriately. (This function is used in the 
definitions of C and V in |GZ93j .) Setting ■ip{v) := 1 + u G M"^, is the standard choice 
here. Then the definition of Vg from [GZ93j does not coincide with the one given above, 
but denotes a larger space. This, however, does not affect the considerations made in the 
proof of |GZ93[ Lemma 5.7]. □ 
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From Lemma [5 ■ 5 1 ab ove . the preceding considerations, (15. 4p and the properties of U , S and 
p we find that there exists an accumulation point p £ Ve of w.r.t. tc fulfihing 

p{fj,) = p and any such accumulation point fulfills 

pU{p) - S{p) < - hm ifi^. 

(Note that since U is bounded from below and S cannot take the value +oo in Vq (one 
may see this from (|5.1|) and since Ip only takes nonnegative values), both U{p) and S{p) 
are finite.) 

From Lemma I^THl we see that pU{p) — S{p) = [3f{p,l3). p is a minimizer of the canonical 
free energy density U{-) — f3~^S{-) under the constraint p(-) = p. 

We finally make considerations similar to those in |Geo95l p. 1351]: For /5 > the function 
f{(3, •) is convex. (This follows from its definition, the concavity of ■s(-, •) and the convexity 
of the effective domain E of s{-, •) defined in [Geo951 (3.7)].) Hence we may choose some 
z > and p G M such that p' i— > —p + p'P~^ log(^;) is a tangent to f{(3, •) at p. This and 
(|5.2|) imply for any P G Vq it holds 

(5.5) 

(3UiP) - piP)log{z) - SiP) > PfipiP),f3) - piP)log{z) 

> -Pp = f{p, P)-P log(^) = ^U{p) - pip) log(z) - S{p) 

In order to prove this inequality for p{P) = (i.e. P = S^), note that f/(50) = 0, 5(150) = 
and p{Sijf) = 0. Hence we only need to verify that p > 0. This, however, follows e.g. from 
the fact that for any measure Q £ Vq fulfilling U{Q) < oo, p{Q) > and S{Q) > — oo 
(such a measure exists) it holds 

lim Pfip', 13) < lim (3U{aQ + (1 - a)<50) - S{aQ + (1 - a)50) = 0, 
where we used (15.21) and the fact that U and S are affine functions. 



(15. 5p implies that p is a minimizer of the mean free energy [/(•) — p(-)log(z) — S{-). By 
|Geo95l Theorem 3.4] we conclude that /i is a tempered grand canonical Gibbs measure, 
and the proof of Theorem 15.11 is completed. 
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